Publ. Math. Debrecen
63/4 (2003), 537-554

Modular projective representations
of direct products of finite groups

By LEONID F. BARANNYK (Stupsk)

Abstract. Let G be a finite group, S a field of characteristic p or a complete
discrete valuation ring of characteristic p. We denote by S*G a twisted group
ring of the group G and the ring S with an S-factor system A € Z2(G,S*)
(see [17], pp. 2-4). Let p\|G| and G = G, x B be the direct product of a
p-subgroup G, and p’-subgroup B. In this paper we establish necessary and
sufficient conditions that every indecomposable S*G-module is the outer tensor
product of an indecomposable SAGp—module and an irreducible S* B-module.

1. Introduction

Let G = G1 x G2 be a finite group, S be a Dedekind domain with
quotient field T, P a prime ideal in S relatively prime to the order of Go,
and

Sp:{%:a,bES, ngP}.

A. JoNEs [14] has shown that if 7" is a splitting field for Gg, then every
indecomposable SpG-module is the outer tensor product Mi#Ms of an
indecomposable SpGi-module M7 and an irreducible SpGso-module Mo.
B. FEIN [7] has examined the structure of LG-modules M;#M», where L
is an arbitrary field, and M; is an irreducible LG;-module (i = 1,2). In
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particular, he proved that M;# My is completely reducible and gave criteria
for it to be irreducible. In paper [8] B. Fein generalized his results to the
case of arbitrary finite dimensional L-algebras. Outer tensor products of
irreducible modules over twisted group algebras were investigated as well
in [2].

Let F' be a field of characteristic p > 0, and G = G, x B, where
G)p is a Sylow p-subgroup. H. I. Brau [3] and P. M. Gubivok [10],
[11] proved that every finitely generated indecomposable F'G-module is an
outer tensor product V#W of an indecomposable F'G,-module V' with
an irreducible F'B-module W if and only if either G, is cyclic or F' is
a splitting field for B. P. M. GUDIVOK [12] also investigated the similar
problem for group rings K G, where K is a complete discrete valuation ring
of characteristic p > 0. He proved that if F' is the quotient field of K, then
every indecomposable K G-module is V#W if and only if either |G,| = 2
or F'is a splitting field for B.

In this paper we generalize the results of H. I. BLAu and P. M. Gu-
DIVOK to the case of twisted group rings S*G, where G = GpxB,S=F
or S is a complete discrete valuation ring of characteristic p.

We use the following notations: F' is a field of characteristic p > 0;
F[[z]] is a ring of formal power series in z with coefficients in the field
F; G is a finite group and p\|G|; G’ is the commutant of G; G, is a
Sylow p-subgroup of G; S is an integral domain with an identity element;
SP = {aP: a € S}; S* is the multiplicative group of the ring S; Z%(G, S*)
is the group of S-factor systems (2-cocycles) of the group G, where we
assume that G acts trivially on S* (see [15], Chapter 1). Any S-factor
system of G is equivalent to some normalized S-factor system of G. From
now on we will assume that S-factor systems of G are normalized. An
S-basis {ug : g € G} of SAG satisfying uqup = AapUqp for all a,b € G
will be called natural. Let e be the identity element of G. We will often
identify u, with the identity element of the ring S. That is why, instead
of pue, we will write p (n € S). If H is a subgroup of the group G,
then the restriction of the S-factor system \ € Z2(G,S*) to H x H will
also be denoted by A. In this case S*H is a subring of the ring S*G.
By an S*G-module we understand a unitary left S*G-module which is
finitely generated and torsion-free as S-module. If M is any S* H-module,
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then MS"C will denote the induced S*G-module of M. Let V be an S*G-
module. Then we write Egx (V) for the ring of S*G-endomorphisms of V/,
rad Egrg (V) for the Jacobson radical of Ega(V), and Egrg(V) for

Eopq(V)/rad Egag(V).

Let us briefly present the results obtained. In Section 2, we generalize
the result of J. A. GREEN [9] on induced modules of p-groups (Lemma 2.2).
Using this generalization we prove in Propositions 2.1, 2.2 that if G is a
p-group and S = F or S is a complete discrete valuation ring of char-
acteristic p, then (under some assumption) for every field K there exists
an indecomposable S*G-module V such that Egxs (V) is isomorphic to a
field which contains K. Let G be a finite p-group, A € Z2(G, F’*), and
A be an abelian subgroup of G such that rad F*A is cyclic. In Proposi-
tion 2.4 we show that M C is an indecomposable F*G-module for every
indecomposable F*A-module M and

EF)\G (MF)\G)

is isomorphic to F(p1, ..., ps), where p; is a root of the polynomial z? — ~;
with 1 € F' and v; € F(p1,...,pi—1) for i > 2.

Let G = G, x B, A € Z*(G,F*). In Section 3, we establish nec-
essary and sufficient conditions that every indecomposable F*G-module
is isomorphic to a module V#W , where V is an indecomposable F' )‘Gp—
module, and W is an irreducible F*B-module. In this case we say that
the algebra FAG satisfies the TPIM condition. If G)p is abelian, then FAG
satisfies the TPIM condition if and only if either rad F /\Gp is cyclic or F'is
a splitting field for F*B (Theorem 3.1). If G, is not cyclic and F' contains
a primitive gth root of 1 for every prime ¢\|B|, such that p\(¢ — 1), then
FAG satisfies the TPIM condition if and only if F' is a splitting field for
F*B (Theorem 3.2).

In Section 4, we study twisted group rings S*G satisfying the TPIM
condition for the case when S is a complete discrete valuation ring of char-
acteristic p with residue class field F'. If G, is abelian, then we assume that
S = F|[z]] and A = px v, where p € Z*(G,, F*) and v € Z*(B,5*). If G,
is nonabelian, then we suppose that |G;| # 2 and F contains a primitive
qth root of 1 for every prime ¢\|B| such that p\(¢ —1). It should be noted
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that in Sections 3, 4 we also establish conditions that every indecomposable
projective S-representation of a group G = G, X B is equivalent to a repre-
sentation I'#A, where I is an indecomposable projective S-representation
of G, A is an irreducible projective S-representation of B, and S is the
field F' or a complete discrete valuation ring of characteristic p.

2. On induced modules

This section begins by reformulation of a well-known result about
twisted group rings.

Lemma 2.1 ([6], p. 125). Let S be a field or a complete discrete
valuation ring, and V be an S*G-module. Then V is an indecomposable
SAG-module if and only if Egxg (V) is a skewfield.

Lemma 2.2. Let S = F or S be a complete discrete valuation ring
of characteristic p with residue class field F', G be a finite p-group, H a
subgroup of G, and M an indecomposable S*H-module. Suppose that
Eg g (M) is isomorphic to a field K, K D F, and one of the following
conditions is satisfied:

(i) G=H-T, where T is a subgroup of the center of G.
(ii) K is a finite Galois extension of F' and [K : F is not divisible by p.
(iii) K = F(p1,...,pd), where p; is a root of the polynomial

T,
P — oy

with oy € F and o; € F(p1,...,pi—1) fori > 2.
Then
ES/\G (MS)\G)

is isomorphic to K (61, ...,0,), where 0; is a root of the polynomial zP — 3;
with /1 € K and ; € K(01,...,0j_1) for j > 2.

PRrROOF. The idea of the proof of the lemma is the same as the one
seen in Theorem 8 in [9]. We consider several cases.
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I. Suppose that S = F and |G : H| = p. Let G/H = (aH), and
{uy : g € G} be a natural F-basis of FAG. Then
p—1
>\ .
MY =N "uioM
1=0
and
up(ug, @ m) = ug, @ (u, ‘upug)m,

for all h € H, m € M. We denote by N the stabilizer of M in G. It is
well known ([4], p. 160) that

Epag(MFG) 2= Eps y (MFN).
From this it follows that if N = H, then
Epag(MFG) =2 K.

Let N = G, and ¢ be an F* H-isomorphism of M onto ug ® M. Then
w(m) = us ® Y(m), m € M, where 1 is an F-automorphism of M, and
Yuy, = (u; fupug)1p for any hin H. Let p be an F-endomorphism of MG,
Then

p—1
plu @m) =, @pi(m) (j=0,1,....,p—1; me M),
=0

where p;; is an F-endomorphism of M. Let £(M) denote the set of F-
endomorphisms of M. The correspondence p — (p;;) is an isomorphism
of the ring Homp (MFAG, MFAG) onto the ring of all p X p matrices with
coefficients in L(M).

Direct calculation shows that p € Epag(MT AG) if and only if the
following conditions hold:

1) pij (u;juhué) = (u;iuhui)pij for every h € H,;
2) Pij+10 = WP;—1 5 (7’7.7 = 0717"'7p_ 1)7

where the indices ¢ — 1, j + 1 being reduced mod p if necessary, and v, w €
{te,ub}, moreover v = u, if and only if j = p— 1, and w = u}, if and only
if i =0.
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Let 0 € Epag (M), and

c 0 0 0 0 0 0 uby
0 o O 0 v 0 0 0
000 ...o0 0 0 v 0
be p X p matrices. Then
(pij) =60+ Qb1+ + W15, P =0, (2.1)

where w = uby? and w,0; € Epag(M). It should be noted that Qo; =
1;€2, where p; = wajw_l. The mapping ¢ — & is an isomorphism of
Eprgp(M) into Epag (M),

Let U =rad Epag (M), f be an isomorphism of Epx (M) onto K,

p—1
V= {ZQj&j:aj GU},
=0

and t = f(uhyP+U). The set V is a nilpotent ideal of the ring EF/\G(MF/\G).
It follows from the hypotheses (i)—(iii) that the algebra

Epra(M™ %)V
is isomorphic to the twisted group algebra
A=KMG/H)=K+ Kv+---+ KoP™l P =t

Ift ¢ KP, then A is a field. If t =P, [ € K, then K (v — 1) is the radical
of A. It follows that
Epng(MFG) =2 K.

II. Assume S = F and |G : H| > p. Let us make an induction on the
index |G : H|. The subgroup H is contained in some maximal subgroup
N of G. By the induction hypothesis,

L = Eg\y (M5*N)
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is isomorphic to K (61,...,604), where 6, is a root of the polynomial a2 — p;
with pq € K and p; € K(01,...,0;_1) for j > 2. Suppose that the field K
satisfies the condition (ii). If g is an F-automorphism of the field L and
gP is the identity, then g is the identity mapping of K. It follows from
this that g is the identity mapping of K (61), K(01,02),...,K(61,...,04).
Using the result obtained in case I, we complete the proof.

III. Let S be a complete discrete valuation ring of characteristic p, P
the maximal ideal of S, S/P = F, |G : H| = p, and N be the stabilizer
of M in G. Arguing as in the proof of Theorem 8 in [9], we obtain that
if N = H then M5C is an indecomposable S*G-module. By Lemma 2.1
Es)\G(MS)\G) is a local ring. Let d be the S-rank of M, I' a matrix S-
representation of S*H realized by M, and T'® ¢ o matrix S-representation
of SAG realized by M S*G We may assume that

Iy (up) 0 e 0
0 Ty (up) ... 0
R I
0 0 L'y (up)
0 0 0 A
E 0 0 0
¢ (u,)=]0 E 0o o],
0 0 ... E 0

where I'; (up) =T (ugjﬂuhuffl) forj=1,2,...,p, A=T(uh), and F is
the identity matrix of order d. The representations I'1,I's, ..., T', of S H

are mutually nonequivalent.
Let
CH A Clp
C= S . )
Cpi ... Cp

where Cj; is d x d matrix over S (i,j = 1,...,p). If C- rs'e (ug) =
rs'e (ug) - C for arbitrary g € G, then Cy1 = -+ = Cpp, Ctil' (up) =
I' (up) C11 for every h € H, and Cj; is not invertible for i # j. It follows
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from this

C= + B,
0 Cop

where B is not invertible and B - I'S*¢ (ug) = rshe (ug) - B for arbitrary
g € G. Hence, Egrg (M5'C) 2 K.

Let N = G. By the same arguments as in the case I we can establish
existence of the isomorphism p — (p;;) of the ring EsAG(MS)\G) onto
the ring of all p x p matrices (2.1), where 0; € Egaxg(M). Let W be an
SAG-module, and

Egrg(W) = Egag(W)/PEgra(W).
By Proposition 5.22 ([6], p. 112)
Egra(W) = Egng(W)/ rad Egag(W).

Therefore after we obtain formula (2.1) we may replace S by residue class
field F' and then we may argue as in the case 1. This completes the proof
of the lemma. O

Proposition 2.1. Let K be a finite separable extension of the field
F, G a finite p-group, A € Z?(G, F'*), and there exist a noncyclic subgroup
H in G, such that F H is equivalent to the group algebra FH. Suppose
that either

(i) G = HT, where T is a subgroup of the center of G, or

(ii) K is a finite Galois extension of F' and [K : F'] is not divisible by p.
Then there exists an indecomposable F*G-module V such that

Epr(V) is isomorphic to a field that contains K.

ProoF. We will assume F*H = FH. By the hypothesis, K = F(f),
where 6 is algebraic over F. We denote by f(z) the monic irreducible
polynomial for § over F. Let d be the degree of f(z). In H there exists a
normal subgroup N such that H/N = (aN) x (bN) is a noncyclic group
of order p?. Let H = H/N, U be a FH-module by which the following
F-representation of the group H is realized:

F FE E T
aN—><O E>’ bN—><0 E)’
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where F is the identity matrix of order d, and I' is the companion matrix
of f(z). The module U is also an F'H-module. It is known (see [3], [10],

[11]) that Fpy(U) =2 K. Applying Lemma 2.2 to U we conclude that
V=UFCisa required F*G-module, and the proof is complete. [l

Proposition 2.2. Let K be a finite separable extension of the field
F, S be a complete discrete valuation ring of characteristic p with residue
class field F; G a finite p-group; A\ € Z*(G,S*); H a subgroup of G such
that |H| > 2 and S*H be equivalent to the group ring SH. Assume that
either

(i) G = HT, where T is a subgroup of the center of G, or
(ii) K is a finite Galois extension of F' and [K : F| is not divisible by p.

Then there exists an indecomposable S*G-module V' such that
Eg (V) is isomorphic to a field that contains K.

PROOF. Let P = () be a maximal ideal of S, S/P = F, K = F (),
and let f(x) = ap + a1z + - + ap_12" 1 + 2" € S[z] such that f(z) =
Go+air+--+ap_12" 2", a; = a; + P, be an irreducible polynomial
for # over F. We denote by I' the companion matrix of f (x). Suppose
S H = SH, and either H is cyclic of order p > 2 or H is an group of
type (2,2). If H = (a), then on the basis of [12] (see also [13], p. 87) the
mapping

E nE T
a— |0 E 7FE (2.2)
0 0 FE

is an indecomposable S-representation of this group. Assume that the
representation (2.2) is realized by SH-module U. Then by [12] we have
Esy(U)= K. If H= (a) x (b) is a group of type (2,2), then as U we take
an S H-module by which the following representation is realized [12]:

E FE b E T
— — .
““\o E) 0 E
Now if we apply Lemma 2.2 to U, then we obtain V = is a required
SAG-module. This completes the proof. O

USAG
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Proposition 2.3. Let G be a finite p-group, H a subgroup of G, and
X € Z2%(G,F*). If M is an irreducible F*H-module, then M*"C is an
indecomposable FAG-module.

PROOF. The ring Epxg(M) is isomorphic to a field F(p1,...,pd),
where p; is a root of the polynomial

PA—
with a1 € F and o; € F(p1,...,pi—1) for i > 2 [2]. Application of Lem-
ma 2.2 completes the proof. O

Proposition 2.4. Let G be a finite p-group; A\ € Z*(G,F*); A an
abelian subgroup of G such that F*A has the cyclic radical. If M is
an indecomposable F* A-module, then MF*C s an indecomposable FAG-
module. Furthermore,

EFAG (MF)\G)

is isomorphic to a field F(p1,...,pq), where p; is a root of the polynomial
2P — a; with oy € F and o; € F(p1,...,pi—1) fori > 2.

PROOF. Assume A= N x H, H = (a), |a| = p™; K = F N is a field;

p"—1
FAA = @Kuz, ub = af

a )
i=0
where a € K, a € KP for 0 < m < n, and a = 1 for m = n. Let

n—m

m_¢ A
v=ub —a, =" """ Vi=F"A-v.

Then rad F*A = FAA - v. The ideal V; is F* A-isomorphic to
FXA/ (rad FAA)".

Any indecomposable F*A-module is isomorphic to some V;, where
1<t <p™. Theideals Vi,...,V,m are pairwise nonisomorphic. For every
t we have Epx 4 (Vi) =2 K(0), where 6 is a root of the irreducible polynomial

n—m

¥ —ae Kz

Using Lemma 2.2, the proposition is proved. [l
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3. Indecomposable projective representations of direct
products of finite groups over a field

Let S be an integral domain of characteristic p, G a finite group,
A€ Z%G,S"), p\|G|, and G = G, x B. Then S*G = S*G, ®s S*B.
If every indecomposable S*G-module is isomorphic to a module of the
form V#W, where V is an indecomposable S’\Gp—module and W is an
irreducible S* B-module, then we will say that the ring S*G satisfies the
TPIM (Tensor Product of Indecomposable Modules) condition. In this
section we study such rings for the case when S is a field of characteristic p.

Lemma 3.1. Let S be a field of characteristic p > 0 or a complete
discrete valuation ring with residue class field of characteristic p > 0,
G = G1 x Gy a finite group, \; € Z%(G;,S*), A = A\ X Ag, and p X|Ga|.
The following statements are equivalent:

(i) Every indecomposable S*G-module is the outer tensor product of
an indecomposable S*G1-module and an irreducible S*Ga-module.

(ii) The outer tensor product of any indecomposable S*G1-module
and any irreducible S*Ga-module is an indecomposable S*G-module.

The proof is similar to that of the corresponding fact for a group ring
(see [3], [11], [13]).

Lemma 3.2. Assume that the hypotheses of Lemma 3.1 are satisfied.
If V; is an indecomposable S*G;-module (i = 1,2), then

Egng(Vi#V2) = Egng, (V1) ©5 Egrg, (V2),
where S is the residue class field of S.
The lemma follows immediately from Lemma 2.1 and Proposition 2 [3].

Lemma 3.3. Assume that the hypotheses of Lemma 3.1 are satisfied,
and T is the quotient field of S. If T is a splitting field for the alge-
bra T*G3, then every indecomposable S*G-module can be represented
uniquely, up to isomorphism, in the form V#W & where V is an indecom-
posable S*G1-module and W is an irreducible S*Go-module.

The proof of the lemma is analogous to the one of Theorem 1 [14] (see
too [13], p. 84).
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Lemma 3.4. Let F be a field of characteristic p, B a finite p'-group,
and suppose that F' contains a primitive qth root of 1 for every prime ¢\ |B)|
such that p\(¢—1). Then for any algebra F?B there exists a splitting field
K such that K is a finite Galois extension of F' and [K : F] is not divisible
by p.

PROOF. It is well known ([5], §53) that

for all a,b € B. Let K be a splitting field over F' of the polynomial

(/5 1) T («/# — o).

aeG

Then K*B = K"B, where
MIBI -1
a,b
for all a,b € B. The algebra K*B is a homomorphic image of some group
algebra K H, where H is a central extension of a cyclic group of order |B|
by the group B. Since K is a splitting field for H ([5], §70), K is a splitting
field for F*B.

Let m be an F-automorphism of K and n? = 1. Denote by ¢ a
primitive gth root of 1. If ¢ € K, then 7(e) = €. Therefore we may assume
that F' contains primitive gth root of 1 for every prime ¢\|B|. In K there
exists a sequence of fields

Ly=FCLiC---CL;=K

such that L;;; is obtained by adjoining a root of the polynomial x? — «;
to L;, where a; € L; and ¢ is a prime divisor of |B|. Moving along this
sequence from left to right, we find that 7 is the identity automorphism
of K. Then this implies that [K : F] is not divisible by p, and the proof is
complete. O

Lemma 3.5. Let F' be a field of characteristic p, G = G, x B, H a
noncyclic subgroup of Gy, A € Z%(G, F*) and the restriction of \ to H x H
be a coboundary. Suppose that either

(i) Gp = H - T, where T is a subgroup of the center of G, or
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(ii) F contains a primitive qth root of 1 for every prime ¢\|B| such
that p\(q — 1).

Then the algebra FAG satisfies the TPIM condition if and only if F
is a splitting field for the subalgebra F*B.

PRrOOF. The sufficiency of the lemma follows from Lemma 3.3. Let
us prove the necessity. Assume F' is not a splitting field for F*B. There
is an irreducible F*B-module W with D = Epag(W) being a division
F-algebra of dimension greater than one. In view of Lemma 3.4 we may
find a splitting field K for F*B, which is a finite Galois extension of F' and
satisfies [K : F] # 0 (mod p). On the basis of Proposition 2.1 there exists
an indecomposable F /\Gp-module V, for which £ F)\GP(V) is isomorphic to
a field L D K. By Lemma 3.2

Emg(V#W) 2 Lop D.

Since L ® D is not a skewfield, by Lemma 2.1 V#W is a decomposable
FAG-module, and the lemma is proved. [l

Theorem 3.1. Let F' be a field of characteristic p, G = G, X B, and
A\ € Z%(G, F*). If G, is abelian, then FAG satisfies the TPIM condition if
and only if either rad F)‘Gp is cyclic or F is a splitting field for F*B.

PROOF. Suppose that the radical of F' /\Gp is cyclic. If V' is an indecom-
posable FAG,-module, then by Proposition 2.4 F ma, (V) is isomorphic to
a field K which is a purely inseparable extension of the field F'. Let W be
an irreducible F*B-module, and D = Epag(W). Since the algebra FAB
is separable, the center of the division ring D is a separable extension of
F ([5], §71). The index of D is relatively prime to [K : F] (see [5], §68
and [16]). From this we obtain that K ®p D is a division ring. Applying
Lemmas 2.1 and 3.2, we conclude that V#W is an indecomposable FAG-
module. On the basis of Lemma 3.1 the algebra FAG satisfies the TPIM
condition.

Now we come to the case when the radical of F’ ’\Gp is not cyclic. Let
G, be the socle of G,. The radical of F*G), is also not cyclic. Arguing
as in the proof of Theorem 2.4 [1], we obtain F*G), = FFN, where N is
an elementary abelian p-group of order |G,| and N contains a noncyclic
subgroup H such that F*H is equal to the group algebra FFH. We may
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assume that H is a subgroup of G. By Lemma 3.5 F AG satisfies the
TPIM condition if and only if F is a splitting field for F*B. Thus the
proof is finished. O

Lemma 3.6. Let S be an integral domain of characteristic p > 0, G
a finite group, and H a p-subgroup of G'. Then the restriction of every
cocycle A € Z*(G,S*) to H x H is a coboundary.

The lemma follows immediately from Corollary 4.10 ([15], p. 42).
Let t, = sup{0, m}, where m is a natural number such that for some
Y1, -+, Ym € F* the algebra

Fla]/(a? =) @F ... @F Fla]/(2" = ym)

is a field. If F'is a perfect field, then ¢, = 0. We also remark that for any
natural number d there exists a field F' for which ¢, = d.

Proposition 3.1. Let F' be a field of characteristic p, G = G x B,
and \ € Z*(G, F*). If Gp/G), decomposes into a direct product of no less
than t, + 2 cyclic subgroups, then the algebra F AG satisfies the TPIM
condition if and only if F is a splitting field for F*B.

PROOF. By Lemma 3.6 F)‘G;J is equivalent to the group algebra FG,.
Let F*G) = FG,, and U = F*G(rad FG,). Then F*G/U = F'H,
where H = H, x B, H, = G,/G,, and FF'B = F*B. 1t follows from
the hypothesis that the radical of F*H, is not cyclic. From this and
Theorem 3.1 we conclude that if FAG satisfies the TPIM condition, then
F is a splitting field for F*B. This proves the necessity. The sufficiency
of the proposition follows from Lemma 3.1. O

Theorem 3.2. Let F' be a field of characteristic p, G = G, X B,
and A\ € Z?(G, F*). Suppose that G, is not cyclic, and that F' contains
a primitive qth root of 1 for every prime ¢\|B| such that p\(q — 1). The
algebra FAG satisfies the TPIM condition if and only if F is a splitting
field for F*B.

The theorem follows from Lemmas 3.5 and 3.6.

Proposition 3.2. Let F' be a field of characteristic p, K a perfect
subfield of F, G = G, x B. If A € Z*(G,K*), then the algebra FAG
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satisfies the TPIM condition if and only if either G), is cyclic or F' is a
splitting field for F*B.

Since F*G), is equivalent to F'G), ([15], p. 68), the proposition follows
from Lemma 3.5 and Theorem 3.1.

Proposition 3.3. Let F' be a field of characteristic p, and G = G, x B.
Every indecomposable projective F-representation of G is equivalent to an
outer tensor product of an indecomposable projective F-representation
of G, with an irreducible projective F-representation of B if and only if
either G, is cyclic or any irreducible projective F-representation of B is
absolutely irreducible.

The proposition follows immediately from Theorem 3.1 and Proposi-
tion 3.2.

4. Indecomposable projective representations
of direct products
of finite groups over a complete discrete valuation ring

Let S be a complete discrete valuation ring of characteristic p, T' the
quotient field of S, and G = G, x B.

Theorem 4.1. Let S = F{[z]], p # 2, G}, be abelian, and A = p1 X v,
where u € Z*(Gp, F*) and v € Z*(B,S*). The ring S*G satisfies the
TPIM condition if and only if either F)‘Gp is a field or T is a splitting field
for T*B.

PROOF. Let K = F*G,. If K is a field, then S*G, = K|[[z]] is a
principal ideal ring. Because of this, every indecomposable S)‘Gp—module
is isomorphic to the left regular module. We may further observe that
Esa, (S*Gp) = K and K is a purely inseparable extension of F. Arguing
as in the proof of Theorem 3.1, we obtain that S*G satisfies the TPIM
condition.

Suppose now that K is not a field and T is not a splitting field for
T*B. There exists an irreducible S* B-module W such that a division ring
D = Eg\g(W) is not isomorphic to F' ([5], §76). By Lemma 3.4 we can
find a splitting field L’ for D, which is a finite Galois extension of F' and
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satisfies [L’ : F] 2 0 (mod p). In view of Proposition 2.2 there exists an
indecomposable S*G,-module V', for which Egxg, (V) is isomorphic to a
field L with L’ ¢ L. By Lemmas 3.2 and 2.1 V#W is a decomposable
SAG-module. We now use Lemma 3.1 to complete the proof. O

Theorem 4.2. Let S = F[[z]], p = 2, G2 be abelian, and A = i X v,
where u € Z%*(Gp, F*) and v € Z?*(B,S*). The ring S*G satisfies the
ﬂﬂMamﬁmmﬁmmomyﬁamammgﬂGyHMFN%)2E?oﬂrm
a splitting field for T B.

PROOF. The necessary part of the theorem may be proved by argu-
ments similar to those in the proof of Theorem 4.1. Let us prove the
sufficiency. On the basis of Lemma 3.3 and the proof of Theorem 4.1 we
may assume dim(F*Gy/rad FAGs) = @ Then there exists a factoriza-
tion Go = H x A, with A = (a) a cyclic group of order 2", such that
K = F*H is a field, and

2n—1
FAGy = @ Kul, 2 =+
i=0

where v € K and v ¢ K2. One can consider the ring S*Gy as a twisted
group ring R A with R = K [[z]} Let M be a finitely generated S-torsion
free S*Gy-module. Then M is finitely generated R-torsion free R A-
module. The isomorphism and the indecomposability of S*Ga-modules
are equivalent to those of R? A-modules.

Let p be a root of the irreducible polynomial

n—1
vy —y e K[yl

and p the matrix corresponding to the operator of the multiplication by p

in the R-basis

17p7""p2n71_1

of the ring R[p]. Then up to equivalence the indecomposable R-represen-
tations of the ring R A are the following [1]:

5 J
Acug — p; Fj:ua—><g <x15>> (1=0,1,2,...),
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where (z7) is the matrix in which all columns but last one being zero, and
the last column consisting of 27,0, ...,0.

Let L be the quotient field of R. Continuing every representation I'; to
an L-representation of the algebra L% A, we obtain a representation which
is equivalent to the left regular representation of LZA. It follows from
this, Lemma 3.1, and Theorem 3.1 that the ring S*G satisfies the TPIM
condition. |

Theorem 4.3. Let S be a complete discrete valuation ring of charac-
teristic p with residue class field F, G = G, x B, |G| > 2, A € Z%(@, 8%,
and F contain a primitive qth root of 1 for every prime g\|B| such that
p\(q —1). The ring S*G satisfies the TPIM condition if and only if T is a
splitting field for T B.

The proof of the theorem is analogous to one of Theorem 4.1.

Proposition 4.1. Let S be a complete discrete valuation ring of char-
acteristic p, K a perfect subfield of S, and G = G, x B. If u € ZQ(GP, K),
v € Z*(B,S*) and A = u x v, then the ring S*G satisfies the TPIM con-
dition if and only if either |Gp| = 2 or T is a splitting field for T*B.

The proposition follows from [12], and Lemmas 3.1-3.3.

Proposition 4.2. Let S be a complete discrete valuation ring of char-
acteristic p, G = G, x B, and |G,| > 2. Every indecomposable pro-
jective S-representation of G is equivalent to an outer tensor product of
an indecomposable projective S-representation of G, and an irreducible
projective S-representation of B if and only if any irreducible projective
T-representation of B with S-factor system is absolutely irreducible.
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