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Approximation by some linear positive operators
in polynomial weighted spaces

By ZBIGNIEV WALCZAK (Poznan)

Abstract. We consider certain linear positive operators L,, in polynomial
weighted spaces of functions of one variable and study approximation properties
of these operators, including theorems on the degree of approximation.

1. Introduction

1.1. M. BECKER in his paper [1] studied approximation problems for
functions f € C, and Szasz-Mirakyan operators

sutria =3 g (1),

k=0

(1)
x € Ry := 1[0, +00), neN:={1,2,...},

where C), with some fixed p € Ny := {0, 1,2,...} is a polynomial weighted
space generated by the weight function

wo(z) =1, wy(z):=(1+aP)7, ifp>1, (2)

i.e., Cp is the set of all real-valued functions f, continuous on Ry and such
that wy f is uniformly continuous and bounded on Ry. The norm in C), is
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defined by the formula
1fllp = [1F C)llp = Sup wp(z) || f(@)]- 3)

In [1] there were proved theorems on the degree of approximation
of f € Cp, by operators S, defined by (1). From these theorems it was
deduced that

lim S, (f;z) = f(x) (4)

n—oo

for every f € Cp, p € Ny and € Ry. Moreover, the convergence (4) is
uniform on every interval [x1,x3], 2o > x1 > 0.

The Szasz—Mirakyan operators are important in approximation theory.
They have been studied intensively, and their connections with different
branches of analysis, such that as numerical analysis. Recently in many
papers were introduced various modifications of operators S,. Approxi-
mation properties of modified Szasz—Mirakyan operators

Si(frx) :=e i (nlf!)kf <n i q>

k=0
for x € Ry, n € N, ¢ > 0, in exponential weighted spaces were examined

in [3]. Their extensions can be found in, e.g., [4], [5].

The actual construction of the operator S,, and S requires estimation
of infinite series which in a certain sense restricts their usefulness from the
computational point of view. Thus the question arises, whether S,,, S and
their generalizations cannot be replaced by a finite sum. In connection with
this question we introduce the operators (8) Moreover, we shall prove that
the order of approximation of f € C), by L, (defined by (8) is better that
(25) and (L,(f)) converges uniformly to f on Ry. This together with the
simple form of the operator makes the results, given in the present paper,
more helpful e.g. in numerical methods.

1.2. In this paper we introduce certain linear positive operators and
study their approximation properties. To this end, let C, be the space
given above and let f € C) := {f € Cp: f' € Cp}, where [’ is the first
derivative of f. For f € C, we define the modulus of continuity wi(f; -)
as usual ([2]) by the formula

wi(f; Cpit) := sup [[Anf()llp, T € Ro, ()
0<h<t
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where Ay, f(x) := f(z+h)— f(x), for x,h € Ry. From the above it follows
that

Jim w1 (f3 Cyit) = 0, (©)

for every f € C,. Moreover, if f € C;, then there exists My = const. > 0
such that
wi(f;Cpit) < My -t fort € Ry. (7)

1.3. We introduce the following

Definition. Let p € Ng be a fixed number. For functions f € C, we
define the operators

1
Ln(f;z) = (1—}—(1’—{—7171)2)”
~ (n ek (B T+ (@+n!)? )
X;ﬂ(k)(“n ) f(n' rtnl >
xr € Ry, n € N. (|

Similarly as S, the operator L, is linear and positive. In §2 we shall
prove that L, is an operator from the space C), into C), for every fixed
p € Np.

Fort € Ry and n € N

" (n
arer =3 (1) ©
k=0
From (8) and (9) we derive the following formulas
L,(L;z) =1,

Ln(t;x) =z +n"",

Lo(t%2) = (z +n 1) [1 + "_1} ,

31 _ 2 —2
L,(t*z) = (z +n1)? [1 + n n " } )

@rn )2 (@t
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6n! —dn=24n3
(x +n—1)2

Lo(thz)=(z+n Y 1+

™2 —4n=3 + n=3
(x +n-1)4 (x +n~1)6

, (10)

for alln € N and =z € Ry.

2. Main results

2.1. From formulas (8), (9) and L,(t*;z), 1 < k < 4, given in the
above we obtain

Lemma 1. For all x € Ry and n € N we have
Ly(t — ;) =n"",

L,((t— .CC)Z;.%') =n?4+nt
x+n-1

L,((t—x)%z)=n""2 (3 -z + 1) ,

4x n—1
x+n~t (x+n1)?

Lo((t — x)%2) =n 2 (7 -
+n H2? —dx +2) +n (22 - 3) +n3>. O

Next we shall prove

Lemma 2. Let s € N be a fixed number. Then there exist coefficients
o, j(n), depending only on s, j, n and bounded with respect to n such that

S

s. _ —1\s as,j(n)
L,(t5;2) =(x+n"") Zl @200 (11)
]:
for alln € N and z € Ry. Moreover, asi(n) = 1, ass(n) = n'~% and

as;(n) =01/t for j=1,2...,s.
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PROOF. We shall use mathematical induction for s. The formula (11)
for 1 < s < 4 is given in above. Let (11) hold for f(z) = 27, 1 < j < s,
with fixed s € N. We shall prove (11) for f(z) = 2°*t!. From (8) and (9)
it follows that

z+nt
(1 + ( +n1)2)nT

S

z+nt
I+ (@ +n 02T

n . _ s
n e (J+1 14 (z+nt)?

S (M) (R L

j:oj n r+n

z+nt
n(1+ (z+n )2yl

" ; —1\27\ 8
n 1\25 J+1'1+(x+n )
XZ(j)(x+n ) j< n z+n-1

J=0

Ln(t5+1;x) =

:L‘—|—n_1

1+ (z +n-1)2)n-1

e () £ ()

J=0

z+nt

n(l+ (z +n-1)2)n-1

e () £ ()

= (z+ n_l)(l + (x4 n_1)2)

g Z ( ) (W)S_M Ly (17 )
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—(z+n 2Lt 2) — (x+ 01?2

s—1 _ s—
s\ (14 (@+n )2\ +1
> (u) (:W Ly (4 @),

pn=0
Consequently

L.t ) = (z+n71) i (Z) <W>S_H n* Ly (tH; x)

=0

-1 s—pu—1
Z s\ (1+ (z+n1)? _

From these we obtain
L+ (z+n"H2\" _,
z+n-1 "

et ZS: (Z) (W)SW nH T L (85 )

Lot 2) = (z+n7h) <

p=1
s —1\2\ S™H
—1 $ 1+<$+n ) pn—s—1
- S et L Lo (t*; ).
o )H(M—l)( rtnl )

By our assumption we get

_ 1+ (x+n"12\* _
Ln(ts+1;x):(x+n 1) <a:(+n1 ) > n_*

R M N (=

pn=1
I+(x +n1)2

e apy(n) “1ys Y\
X (z+n 1)“; (gﬁ_nu )2(j71)=($+n 1) +1{< wrn-1)2 > n
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A et FEES 9 ol G

p=1 j=1k=

T (ML A

Since as1(n) =1, ass(n) = n'~% and as ;(n) = O(1/n/~1) for

7=1,2...,s, we have for u=1,2,...,s

{<Z> e <u81>”“31} aui(n) =01 /m/ 51 =23 p,
ES: { <Z> e (u i 1>nu_8_1} agi(n)=1-n""

p=1

From the above and by elementary calculations we can write

Boos—p
(Yo
k
X § nhs— 8 nt—s— 1 o ( -1 n—s_i_z BS».U n
W pw—1 ol (z4+n—1)2k-1)’

where f3; ,,(n) are coefficients depending only on s, i, n and bounded with
respect to n and B, ,(n) = O(1/n*~ 1) for u = 2,...,s. Consequently we
have

s —s

s+1. — —lys+1 i
Ln(t ,l') - (l' +n ) {Z (l’ + nfl)Q(S*,LL)

pu=0

ﬁs,,u
+Z (z 4 n=1)2k=1)

_ s+1
= (z+n! {1+Z P PRy

: Bs,u(n) n—*
+ Z (z + nfl)mhl) + (z + n—1)2s}

n=2
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s+1

a:+n SHZ 04s+1,u
(x +n~ —2

and asi11(n) = 1, asp15+1(n) = n7%, asp1;(n) = O(1/n™1) for j =
1,2,...,5+1, which proves (11) for f(z) = 2°"!. Hence the proof of (11)
is completed. O

Lemma 3. Let p € Ny be a fixed number. Then there exists a positive
constant My = Ms(p), depending only on the parameter p such that

[ Ln(1/wp(t); )lp < Ma, n€N. (12)
Moreover, for every f € C, we have
[Ln(f5 lp < Ma|[fllp, ne€N. (13)

Formula (8) and inequality (13) show that L,, n € N, is a positive
linear operator from the space C,, into C,, for every p € Njy.

PROOF. The inequality (12) is obvious for p = 0 by (2), (3) and (10).
Let p € N. By (2) and (8)—(11) we have

wp(@) L (1/wp(t); 2) = wy(@) {1 4 Ln ("5 2) }

_ p
__t (z+n 1)”2 ap,j(n)
1+ P 1+ 2P

For z € [1,+00), we get using Lemma 2

(@) La(1 /10,1 Q+Z<%+MZ%MKMM)

Let z € [0,1) and
g(z) = (z+ n_l)p+2_2j. (14)

We remark that g on [0,1) is an increasing function for 1 < j < (p+2)/2
and a decreasing function for (p+2)/2 < j < p. From this we immediately
obtain

apj(n) ap,j(n)
(z +n 1)2i—2-p < (1+n1)2%2>p < apj(n),

1<j<(p+2)/2,



Approximation by some linear positive operators. .. 361

ap,;(n) ap,;(n) " lay,(n) -
(z +n-1)%—2p = p=2+%4p = p=j+itp (p+2)/2<j=p
Applying Lemma 2, we get
u a
wp () L (1/wp(); ) < 1 Z an” ZJ 7 < My(p)

for x € [0,1), n € N, where Ms(p) is a positive constant depending only
upon p. Therefore, the proof of inequality (12) is completed.
The formulas (8)—(9) and (2) imply

L (f@); lp < [fllpllLn(1/wp(); )llp,  n €N,
for every f € C,. Applying (12), we obtain (13). O

Lemma 4. Let p € Ny be a fixed number. Then there exists a positive
constant Mz = Ms(p) such that

t— )2
(57

wp(t)
PRrROOF. The formulas given in Lemma 1 and (2), (3) imply (15) for

p=0.
By (2) and (10) we have

M.
<3
P n

for all n € N. (15)

Ly ((t — 2)?/wp(t); ) = Ly, ((t — )% 2) + Ly, (#P(t — 2)%2)
for p,n € N. If p =1, then by the equality we get
L, ((t—:n)Q/wl(t);x) =1L, ((t—x) ,:L‘) + L, ( (t—$)2;w)
=L, ((t— z)3; z) 4+ (1+z)Ly, ((t - z)?; z),

which by (2), (3) and Lemma 1 yields (15) for p = 1.
Let p > 2. Applying Lemma 2, we get

wp(l‘)Ln(tp(t—fL‘)Q;l’):wp(l'){Ln(tp+2;l‘)—21L‘L (P o) 422 L, (17, z)}
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p+2
_ p+2 api2,5(n _ —1\p+1
_wp(m){ x4+n" Z @t nh) 2(3 ) 2x(x+n"")

N S DTS S ()
) ey T @) e et
7j=1 7j=1

P42

— wyl(@)(x + n>{n TatnT)) o jfpf’f)(;?}l)

p+1 D
-1 1,5 (1) 2 ap,;(n
+2zx(x+n") z; @+ n-1)26-D +z Z; (w £ n-126-D) },
i= j=

which by (2) and Lemma 2 implies for = € [1,+00)

P p+2 4
wy () L (1P (t — x)?; ) < n—lw{l + Z napt2,j (@)

1+ap =@+ n=1)2(G-2)
pH1

p
N1, ( nay, ;i ( My(p)
< .
+2z::x+n_1 Jm+;:x+%42 )}_ L, meEN

Let x € [0,1). Applying Lemma 2 and arguing as in the proof of Lemma 3,
we easily obtain
My(p)

wp(z) Ly, (P(t — 2)?%2) < , meN.
n

Thus the proof is completed. O

2.2. Now we shall give approximation theorems for L,,.

Theorem 1. Let p € Ny be a fixed number. Then there exists a
positive constant Ms = Ms(p) such that for every f € C; we have

ILn(f3 -) = f(+) neN. (16)

!b_V%fM
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PrROOF. Let © € Ry be a fixed point. Then for f € C; we have

ft)— f(x) = / f'(u)du, te Ry.

From this and by (8) and (10) we get

Ln(f(t);x)—f(x):Ln</ f(u)du;a:), n € N.

But by (2) and (3) we have

Eﬁ@m

which implies
wp ()| Ln(f;2) — f(2)]
-z 17
<11 {Ea e ety sy, (L220) L 07

wp(t)’

for n € N. By the Holder inequality and by (10) and Lemmas 1, 3, 4 it
follows that

<1 (o + 2

L= afa) < (L (0~ 0%) Lo ()} < |2,
|tfx\'x
ool ()

<o 10 ()} (o ()} <

for n € N. From this and by (17) we immediately obtain (16). O

Theorem 2. Let p € Ny be a fixed number. Then there exists Mg =
Mg(p) such that for every f € C), and n € N we have

deﬁd—fﬂwpﬁﬂ@u<ﬁ0m;ﬁ>- (1)
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Proor. We use the Steklov function f, of f € C),

1 h
_ h/ f@+t)dt, z€Ro, h>0. (19)
0

h
o) = 1) = 5 [ Sesayar

1
f}/z(:l") = EAhf(x)7 WS R07 h > 07

From (19) we get

which imply
1/ = Fllp < w1 (F; Cpi h) (20)

||f1/1||p < hlw (f;CP;h)v (21)

for h > 0. From this we deduce that fj € C; it f € C, and h > 0. Hence
we can write

wp ()| Ln(f32) = f(@)] < wp(@){|Ln(f — fa; 2)| + [Ln(fr; @) — fu(@)]
+1fu(@) = f(@)]} = Ai(@) + Ao (z) + As(2),
forn € N, h >0 and z € Ry. From (13) and (20) we get
[ALllp < Mal[fn = fllp < Mawy (f; Cps ),
[Aslp < w1 (f;Cpih).
By Theorem 1 and (21) it follows that

M
1 fully < —=rwi

My
Asll, <
H QHP = \/ﬁh

% (f; Cpih).

Consequently

IEalds ) = ) (14 M+ S0 )£y

Now, for fixed n € N, setting h = f’ we obtain

1Zn(f: ) — £l < Ma(p)en <f;0p; ;ﬁ)

and we complete the proof. O



Approximation by some linear positive operators. .. 365

From Theorem 1 and Theorem 2 we derive following two corollaries:

Corollary 1. For f € C,, p € Ny, we have

Tim (1La(f5 ) = £y = 0. 0
Corollary 2. If f € C’;, p € Ny, then
[La(f; ) = F()llp = O(1/vn). O

2.3. Finally, we shall give the Voronovskaya type theorem for L,,.
Theorem 3. Let f € CZ = {f €Cy: . fe Cp}. Then

Jim Ly () ~ (@)} = /@) + 31" (@) (22)

for every x > 0.

PrOOF. Let x > 0 be a fixed point. Then by the Taylor formula we
have

ft) = f@) + f/(2)(t —2) + %f”(w)(t —a)? +e(t;z)(t — )

for t € Ry, where €(t) = €(t; x) is a function belonging to C), and ¢(z) = 0.
Hence by (8) and (10) we get

La(fi2) = F() + £/ @) Lnlt = 2:2) + o f (@)Ll (¢ — 2)732)

(23)
+ Lo(e(t)(t — 2)%;2), mnéEN,
which by Lemma 1 yields
Tim n {Ly (f:2) ~ f(2))
(24)

= F@)+ 5 f" (@) + T nLa(e()( — 2)%: ).
By the Holder inequality we have
Ln(e()(t — 2)% 2)| < {Ln (2(#);2) Y2 {Ly (£ — 2)%52) Y72
The properties of € and Corollary 1 imply that

lim Ly, (e2(t);z) = e*(z) = 0.
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From this and by Lemma 1 we get

lim nL,(e(t)(t —x)%z) =0

and (22) follows from (24). O

Remark. In [1] it was proved that if f € Cp, p € Ny, then for the
Szasz—Mirakyan operators S,, (defined by (1)) one has the following in-
equality

wp(2)[Sn(f; ) — f(2)] < Mowy (f; Cp; \/§> , € Ry, n €Ny,

where My = const. > 0 and ws (f; -) is the modulus of smoothness defined
by the formula

wa(f;Cpit) == sup [IAZF(-)lp,  t € R,
0<h<t

where A} f(z) := f(z) — 2f(x 4+ h) + f(x + 2h). In particular, if f € C},
p € Ny, then

wp(@)|Sn(f32) — F(2)] < Mw\/f, (25)

for x € Ryg and n € N (Mjp = const. > 0).

Theorem 1, Theorem 2 and Corollary 2 in our paper show that the
operators L,, n € N, give better degree of approximation of functions
f€Cpand feC} than S,.
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