Publ. Math. Debrecen
65/1-2 (2004), 97-131

On 2-groups of almost maximal class

By CZESLAW BAGINSKI (Biatystok) and
ALEXANDER KONOVALOV (Zaporozhye)

Abstract. Let G be a 2-group of order 2", n > 6, and nilpotency class n— 2.
The invariants of such groups determined by their group algebras over the field
of two elements are given in the paper.

1. Introduction

Let p be a prime. We say that a finite p-group G of order p™ has the
coclass k if the nilpotency class of G is equal to n — k. The p-groups of
coclass £k = 1 and k = 2 are called the p-groups of mazrimal class and of
almost mazximal class respectively. The natural partition of the class of all
p-groups into a series of well-behaved families of p-groups of fixed coclass
has proved to be one of the most fruitful ideas of classifying p-groups
(see [7]). But the full description of p-groups by generators and relations
within each family was obtained only for a small number of families. It
is well known for (p,k) € {(2,1),(3,1)} and can be derived for (p,k) €
{(2,2),(2,3)} from [8] (see also [5], [6]).

Here we study the internal structure of 2-groups of nilpotency coclass 2
counting the important invariants of these groups. The work, though mo-
tivated by the Modular Isomorphism Problem (MIP) for finite p-groups is

Mathematics Subject Classification: Primary: 20D15; Secondary: 16534, 20C05.

Key words and phrases: 2-group, nilpotency class, coclass, center, conjugacy classes, the
Quillen parameter, the Roggenkamp parameter, modular isomorphism problem of group
algebras.



98 C. Baginski and A. Konovalov

of independent interest. Recall that the MIP asks whether, for given finite
p-groups GG and H, the isomorphism of the group algebras F'G and F'H
over a field F' of characteristic p implies the isomorphism of G and H. The
problem was posed more than 50 years ago and for a long time there was
rather small progress in studying it. The state of the problem in the end
of the nineties in a more general context is briefly described in [3] (see also
[11] and [1], [2], [10], [12], [14], [15]). One of the last results known to the
authors are that of Wursthorn saying that the groups of order 26 and 27
are determined by their modular group algebras over GF(2) (see [3], [15]).
He used computer programs in studying the problem for groups of small
order, which are classified and have descriptions usable by computers. In
December 2002 the authors were informed that the problem was solved
positively for group algebras of all p-groups over the field F' = GF(p)
([4)*

Throughout, p will denote a fixed prime. If G is a p-group then G’ =
(G, G) is the commutator subgroup of G, ®(G) is the Frattini subgroup, G?
is the subgroup generated by p-th powers of all elements of G and Q;(G)
is the subgroup generated by all elements of order not bigger than p’.
By 7i(G), i > 2, we mean the i-th term of the lower central series of G
(72(G) = G"); by 71(G) we mean the subgroup Cg(12(G) mod v4(Q)); if
g € G and X C G, then (X, g) denotes the set of commutators {(z,g) :
x € X}. By d(G) we denote the minimal number of generators of G, that
is d(G) = log,(|G/®(G)]). The center of G we denote by ((G). If g,h € G
then ¢" = h~'gh and Cy is the conjugacy class of g, i.e. Cy = {g":hea).
The set of all conjugacy classes of G will be denoted by CI(G). If S is a
normal subset of G then Clg(S) is the set of all conjugacy classes of G
contained in S.

We use (z,y) = 2 'y lay for the group commutator of elements
and y of a group. The group commutator of weight n, n > 2, we define
inductively by (x1,x9,...,2,) = (1,22, .., Tp-1), Tn)-

For a p-group G we will denote by R(G) the Roggenkamp parameter

> d(Calg:)),

i=1,...t

1

where ¢1,...,g; i a set of representatives of all conjugacy classes of G.

IThe proof given in the paper appeared to be incorrect, so the MIP remains open.
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This parameter was introduced by Roggenkamp and described in [14], [15],
where it is proved that R(G) is determined by the modular group algebra.
We will also use notation Rg(.S) for

> d(Ca(h)),

i=1,...,s

where hi,...,hs is a set of representatives of the conjugacy classes of G
contained in the normal subset S of G.

If G is a finite p-group then by [9] the number of conjugacy classes
of maximal elementary abelian subgroups of given rank is determined by
FG. By the Quillen parameter of G we mean a series Q(G) = (¢1,¢2, - - .),
where ¢; is the number of conjugacy classes of maximal elementary abelian
subgroups of rank i. Since 2-groups of nilpotency coclass < 2 do not
contain elementary abelian subgroups of rank bigger than 4, we will write
the Quillen parameter in the form (g1, ¢2,q3, q4).

In the paper we count the isomorphism class of the centers, the num-
bers of conjugacy classes, the Quillen parameters and the Roggenkamp
parameters of all 2-groups of nilpotency coclass 2. From this follows that
the last two parameters determine almost all the groups.

Theorem 1.1. Let G and H be groups of order 2", n > 8, and
nilpotency class n — 2. If Q(G) = Q(H) and R(G) = R(H) then either
G ~ H or {G, H} - {Gg,Glg,G14} or {G,H} = {G24,G25}.

It appears also that the numbers of conjugacy classes does not give
more information about differences between these groups and the isomor-
phism class of the center allows only to exclude Gy from the first set in
the theorem.

Using the fact that every metacyclic p-group G is determined by the
modular group algebra F'G over the field F = GF(p) ([2], [12]) and some
additional arguments one can prove the following theorem.

Theorem 1.2. Let F' = GF(2) be the field of 2 elements and let
G be a group of order 2", n > 8, and nilpotency class n — 2. Then
FG ~ FH = G ~ H, provided {G,H} 75 {G24,G25}

As we were informed by W. Kimmerle for n = 8 it was checked using
a computer that F'GGo4 is not isomorphic to FGos.
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2. Presentations of groups of almost maximal class

Following [5], [6] and [8], 2-groups of almost maximal class of order
2" n > 4, are classified. However, the full list of presentations of these
groups by generators and relations was not published. In [5] and [6] some
groups were omitted. In [8] there is given the list of pro-2 presentations of
pro-2 groups of coclass < 3. Using both approaches first we give the list
of all groups of nilpotency coclass 2 and order 2", n > 4. According to [8]
they are divided into five families with numbers 7, 8, 9, 50, 59. We will
use the same numbers of the families and denote them by Fam k, where
k € {7,8,9,50,59}. For our purposes the presentations derived from the
pro-2 presentations of pro-2 groups are more convenient than ones that
were given in James’ paper.

2.1. 2-groups of almost maximal class with cyclic commutator
subgroup

Theorem 2.1 ([5], Theorem 5.1). There are precisely 6 groups of
order 2", n > 4, and class n—2 with G /v2(G) elementary abelian and v, (G)
cyclic. They form Fam 59 and are given by the following presentation:

n -
(g, t:2®  =t2=1, y> =z, ¥ =a 12y, at = x23, tY =tzy)

where the values of z;, 1 < i < 4, for particular groups G,,, 1 < m < 6,
are such as in the following table.

G| Gs Gs Gy Gs Gs
2 | 1 1 22" g2 1 22"
| 1|22 1 1 1 1
23 | 1 1 22" g2
2| 1 i 1
Table 1

Theorem 2.2 ([5], Theorem 5.2). The number of groups of order 2",
n > 5, and class n — 2 with G/v(G) of exponent 4, v2(G) cyclic and

71 (G) /2 (G) cyclic is:
3, if n=25,
6, if n> 5.
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They form Fam 9 and are given by the following presentation:

(,y,t: ¥ =12 =1, y? =21, a¥ =z oot, ot = x23, 1Y = tzy)

where the values of z;, 1 < 1 < 4, for particular groups G,,, 7 < m < 12,
are such as in the following table (for Gg, G11 and G12 we have n > 5).

G7 Gg GQ Glo Gll G12
| 1|27 1 1 1 |22
zo | 1 22" 1 22" 2t
23| 1 1 2270 22 | 2
24 | 1 22" g2 1 1

Table 2

Theorem 2.3 ([5], Theorem 5.3(a)). The number of groups of order
2", n =5, and class n — 2 with G/v2(G) of exponent 4, v2(G) cyclic and
v1(G)/72(G) elementary abelian is:

3, if n=25,
4, if n > 5.
They form Fam 50 and are given by the following presentation:

27172

. _ 4 _ _ -1
<.Z',y.l‘ _17y = Z1, =z Z2>7

where the values of z; and z9 are such as in the following table (for Gig
we have n > 5).

G13 G14 G15 G16
sl 1 1 2"
| 1 |22 1 22"
Table 3

2.2. 2-groups of almost maximal class with 2-generated
commutator subgroup

Theorem 2.4 ([5], [8]). The number of groups of order 2", n > 5, and
class n—2 with G /v2(G) of exponent 4, v9(G) 2-generated and v, (G) /2 (G)
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elementary abelian is

3, if n=2>,
4, if n =06,
9, if n>6, n odd,

10, if n > 6, n even.
They form Fam 8.

The description of the groups of Fam 8 by generators and defining
relations is more complicated than in the previous families. Let |G| =
2" = 22k+2+¢ n > 6, ¢ € {0,1}. Each of the groups of Fam8 can be
described as the group

<1171,1172,y: ( )
1
okte 2k 4 -2 -1 x
vy =a5 =1, y*=t1, ¥ =x20, T4 = 2725 to, TI' = Tot3),

where t1,t3 € {1,21}, t2 € {1,21, 22,2122}, € € {0,1} and:
if e =0, then 21 = x%kil, 29 = x%kil;
if e =1, then z; = 22", 2y =22
The values of t; (i = 1,2,3), for the groups G,,, 18 < m < 27, are given
in the following table. Note that for ¢ = 1 the groups Ga4 and Go5 are

isomorphic.

G18 G19 G20 G21 G22 G23 G24 G25 G26 G27
tl 1 Z1 z1 1 Z1 1 z1 1 1 z1
t2 1 1 z1 1 1 Z1 zZ9 Z1%22 Z9 Z1%9
t3 1 1 1 z1 Z1 1 1 1 Z1 z1

Table 4

For n = 5 we have only the groups Gig, G19 and

Gl7 - <1171,2U2,y |

8

I 4 4y _ 2 y _ =2
Ty =2y =1y =x,7] =y 'T172,T5 = T

oyt =y wias);
for n = 6 we have only the groups Gis, G19, Goo and Gag.

Accordingly to the definitions from [8], G1g is the mainline group of
this family with the immediate descendants G19— G2y (which are terminal)
and Ga3 (which have 4 immediate terminal descendants Gog — Go7 if € = 0,
and 3 immediate terminal descendants Gog —Ga7 with Gog = Gas, if € = 1).
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2.3. 2-groups of almost maximal class with 3-generated
commutator subgroup

Theorem 2.5 ([5], [8]). The number of groups of order 2", n > 6, and
class n—2 with G /v2(G) of exponent 4, v2(G) 3-generated and v1(G) /v2(G)
elementary abelian is

2, if n==6,
4, if n>6, n odd,

12, if n > 6, n even.

They form Fam 7.

The groups of Fam 7 have the most complicated description by gener-
ators and defining relations among all 2-groups of coclass 2.

Assume first that |G| = 2" = 2%#*2 n > 6, that is G = G,,, where
28 < m < 39. Each of these groups can be described as the group

2k+1

<x17$27y5x1 :17
2k—1 2k 4 Yy 2 Yy -2 x1 -1 (2)
x5 =y, Yy =t, ] =y rixaty, x5 =] “t3, x5 = x5 l4),

2k 2k—1 2k—1 2k—2
where t1,to,t3 € {1,221}, ts € {1,21,22}, 21 =25 =125 ,z0=2a] a5

The values of ¢; (i = 1,2,3,4) for particular groups are given in the fol-
lowing table:

Gag | Gog | Gao | G31 | G2 | G33 | G3a | G35 | G3g | Gar | Gag | Gizg
tl 1 1 Z1 Z1 1 1 Z1 Z1 1 1 Z1 Z1
tg 1 Z1 1 Z1 Z1 1 Z1 1 1 1 Z1 1
t3 1 1 1 1 1 1 1 1 1 21 1 1
t4 1 1 Z1 z1 z1 Z1 1 1 Z9 Z9 zZ9 Z9

Table 5

Note that for n = 6 we have only groups Gag and Gag.
For further calculations we derive additional helpful relations. For
28 <m < 35 in a group G = G,,, we have

2 _ 2 _ 2 _
o = a7 oty (@)Y = a7y, (23)Y = wots, 2 = x5 'y (3)
If 36 < m < 39 then

2 _ 2 _ 2 _
d =] Loyt (l‘%)y =] 2212, (l‘%)y = Tol3ze, T = T, L. (4)
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If ‘G‘ = 2" = 22k+3, n > 6, that is G € {G40,G41,G42,G43}, the
groups of Fam 7 can be described in a little simpler way:

(T1, 72,9 : (5)
5
2k+1 2k 4 2 -2 -1
7 =a5 =1,y =t1, o) =y zime, v =277, 25 = x5 tg)
k k—1 .
where t1,t, € {1,2}, z =22 22 . The values of ¢; and t4 for particular

groups are given in the following table:

Gao | Ga1 | Gaz | Gas

t1 1 z 1 z
ta 1 z z 1

Table 6

The relations (3) are valid also for these groups.

The group Gy is the mainline group with the immediate descendant
(G9g which is mainline and seven immediate descendants Gog—(G35 which
are terminal. The groups G4 and Gy3 are terminal, G4o is capable with
four immediate descendants G3g—(G39 which in turn are terminal. All the
groups G49—(G43 are immediate descendants of the mainline group Gog.

3. Groups with cyclic commutator subgroup

In this section we describe properties of the groups defined in The-
orems 2.1, 2.2 and 2.3. All these groups are extensions of a noncyclic
group of class at most two with a cyclic maximal subgroup by the group
of order 2.

Let G = G,,, 1 <m < 16. We let A be the subgroup of G generated by
the elements x and ¢ (for m € {13,14, 15,16} we put ¢ = y?). The following
lemma is an easy observation obtained by a straightforward computation
from the presentations of groups. We assume that all the groups G,,, have
order p", where n > 5.

Lemma 3.1. Let G = G,, € Fam 9 U Fam 50 U Fam 59. Then:
(x?) if G € Fam50 U Fam 59
(@) 2(G) =49, .
(xt) if G € Fam9
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(b) Ifi >3 then v(G) = (x2');

(2" t) for m € {1,2,3,7,8,13,14},
(x2"'t)  for m € {4,9},

(y?) for m = 15,

(2" for m € {5,6,10,11,12,16};

(c) ¢(Gm) =

(d) |G : Al = 2 and Q4 (A) = (22" °,¢) is an elementary abelian normal
subgroup of G of order 4;

() If A is nonabelian then ~3(A) = (2" "), C(A) = (2?), in particular
the nilpotency class of A is not greater than 2.

For counting the Roggenkamp and Quillen parameters of our groups
we need information about the conjugacy classes of elements of order 2
lying outside A.

Lemma 3.2. Let G = G, € Fam 9 U Fam 50 U Fam 59.

(a) The set G'\ A splits into the following four conjugacy classes: Cy, Cyz,
Cyt: nyt-

(b) The orders of the elements y,yx,yt,yxt are given in the following

tables.
Gi Gy G3 Gy Gs Gg||Gr Gs Gyg Gio Gu G
Y 2 2 4 4 2 4 2 4 2 2 2 4
YT 2 4 4 4 2 4 4 4 8 4 8 8
yt 2 2 4 2 2 4 2 4 4 4 2 4
yxt | 2 4 4 2 4 2 4 4 8 4 8 8
Table 7

Giz Gus Gis G

y 4 4 8 4

yx 4 4 8 8

yt =y ! 4 4 8 4

yrt =y x| 4 4 8 8

Table 8
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PROOF. (a) The unique subgroup of order 4 contained in (x) is equal to
(22", Since (z2" )Y # 22" " and (22" )Y = 22", we have Ciy(y) =
(z2"%, that is |C2)(y)|=2. But (z2""Y € ¢(A), so for all g e{y, yx, yt, yxt}
we have |C;)(g9)] = 2 and then [C,)(g)] < 8, as |G : (x)| = 4. Hence
|Cy| > 27=3_ On the other hand the size of the conjugacy class C, does
not exceed the size of the commutator subgroup because C; C gG’. In
our groups we have |G’| = 2"73. Consequently |C,| = 2"~ and C, = gG'.
Finally, since the elements vy, yz, yt, yxt lie in different cosets of G by G,
we obtain G\ A = yG' UyzG' UytG' UyatG' = Cy U Cyy U Cyr U Cygy.

(b) By the defining relations (Theorem 2.1) for the groups G,, €
Fam 59 we have 32 = z1, (yx)? = y?2Vs = 2129, (yt)? = >t = 2124
and (yxt)? = y?2YtYrt = 2z1292324. Using the values of z;, 1 < i < 4, we
obtain the orders given in the table.

Similarly, for the groups G,, € Fam9 we have 3?> = z1, (yx)? =
yiave = 2 z23t, (yt)? = y*9t = 2124 and (yat)? = y2a¥tYat = 212024t
and again using the values of z;, 1 < i < 4, we obtain the orders given in
the table.

Finally, for the groups of Fam 50 we have y* = (y~1)* = z; and (y*)* =
2125 = (y~'2)*. The orders of the considered elements are easily seen from
the defining relations of the groups of Fam 50. g

1)4

Proposition 3.1. Let G = G, € Fam 9 U Fam 50 U Fam 59.
(a) If A is abelian, that is m € {1,2,3,4,7,8,9,13,14, 15}, then
ICU(G)| =272 +6.
(b) If A is nonabelian, that is m € {5,6,10,11,12,16}, then
ICUG)| =5-2""° +6.

PrROOF. (a) It follows immediately from the defining relations and
Lemma 3.1 that A is abelian if and only if |[((G)] = 4. Now, if A is
abelian and a € A\ ((G), then Cg(a) = A that is |C,| = 2. Thus
|ICla(A\C(G))| = |A‘_|2<(G)‘ = Qn_;_22 =272 2. Now the four conjugacy
classes contained in G\ 4, the four 1-element classes and the classes counted

above give the formula.
(b) For nonabelian A we have ((A) = (22). The elements of ((A) \
¢(G) have centralizers equal to A. So |Clg({(x?))| = w +2 =
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Zn;ﬁ +2 = 2"* 4+ 1. The subgroup (z2,t) has index 2 in A. The set
t{x?) = (22,t) \ (2%) contains exactly two elements of order 2 (they form a
conjugacy class of the element ¢) and exactly two elements of order 4 (they
form a conjugacy class of the element tx2n74). All other elements of this set
form Zn_j —4 — 97=5 _ ] four-element conjugacy classes. Every conjugacy
class contained in A\ (x2,t) has 4 elements. Therefore we obtain |CI(G)| =
ICla(G\A)+]Cla(A\ (22, )] +1Cla (2, )\ (22)) |+ |Cla(#2)|+1¢(G)|
d4n (2P )+ (2t 1) +2=2"34+2"5 16,

O

Proposition 3.2. Let G = G}, € Fam 9 U Fam 50 U Fam 59.
a) If A is abelian, that ism € {1,2,3,4,7,8,9,13,14,15}, then

R(G) =2""1 41y,

where the values of 1, are given in the following table.

Gi1 Gy Gz G4|Gr Gy Go|Giz Giuy Gy
™ | 20 18 16 16 | 14 12 10| 12 12 8

Table 9
(b) If A is nonabelian, that is m € {5,6,10,11,12,16}, then

R(G) = 2% + 1y,

where the values of 1, are given in the following table.

Gs Gs |Gy Gu Giz2 | Gis
rm | 18 16 13 13 11 10

Table 10

PROOF. (a) It is seen from Lemma 3.1 that A is abelian if and only if
[C(G)| =4. But ((G) < A, so for a € A\ ((G) we have Cg(a) = A, which
is 2-generated. For a € ((G) we have obviously Cg(a) = G. Therefore by
the proof of Lemma 3.1(a) we obtain

Ra(A) =2 [Cla(A\((G))] +4-d(G)

g1y 8 if me{1,2,3,4} (6)
4 if m €{7,8,9,13,14,15}.
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As it was already noted in the proof of Proposition 3.2 for g € G \ A we
have |C,| = 2773, so |Ca(g)| = 23 and C(g) = (g,¢(G)). If g has order 2
and ((G) is elementary abelian, then d(Cq(g)) = 3. If ((G) is cyclic of
order 4 (i.e. m € {4,9}) or g has order 4, then obviously d(Cg(g)) = 2.
Finally d(C¢(g)) = 1, when g has order 8. Now using the formula (6) and
the information from the tables of Proposition 3.2 we get the assertion.

(b) It is obvious that for a € ((A) \ ((G) we have Cg(a) = A that is
d(Cg(a)) = 2. Hence

on=3 _ 9 4 if m € {5,6}

Ra((z?) =2-
a({@?) 2 if m € {10,11,12,16}.

+2-d(G):2”_3+{

If the conjugacy class of an element a € t(z?) has four elements, then
obviously its centralizer is equal to (22, a) = (22,t), which is 2-generated.
For the representatives t and 22" "¢ of the 2-element classes (see the proof
of Proposition 3.1b) we have

(2 y,t) if m e {5,6,11,12},

Ce(t) = {(xQ,fcw if m € {10,16}

and
(x2,zy) if m € {11,12,16}.
Thus
. 6 if me {56}
Re(t(a?)) =2 %‘F 5 if me {10,11,12}
4 if m = 16.

It is clear that all the elements a € A\ (22,t) have order 2"~2 and by
Proposition 3.1b we have |C,| = 4. Thus Cg(a) = (a) and, consequently,
Ra(A\ (22,1)) = [Clg(A\ (22,8))| = 2. Finally,

8 if m e {5,6},
R(G) = Ra(G\ A) +2" 2+ <5 if me {10,11,12}
4 if m = 16,
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so after counting the centralizers of the elements g € {y,yx,yt,yrt} in a
similar way as in the proof of part (a) we get the assertion. g

We finish this section with counting the Quillen parameters. It was
noted in Lemma 3.1 that 1 (A) is an elementary abelian normal subgroup
of G of order 4. Hence, if there are no elements of order 2 outside A, ;(A)
is the unique maximal elementary abelian subgroup of G, i.e. the Quillen
parameter of G is equal to (0,1,0,0). Since |G : A| = 2, there is not an
elementary abelian subgroup of order 4 with trivial intersection with A.
Hence, in all other cases the parameter has type (0, g2, ¢3,0). The values of
g2 and g3 can be easily counted by studying the centralizers of the elements
of order 2 lying outside A and the intersections of these centralizers with
21(A). We leave the details to the reader.

Proposition 3.3. If G € Fam 9 U Fam 50 U Fam 59 then the Quillen
parameters are given in Table 11.

4. Groups with 2-generated commutator
subgroup

In this section we describe the groups defined in Theorem 2.4. All
these groups are extensions of a subgroup of nilpotency class < 2 by the
cyclic group of order 4.

Let G = G, 18 < m < 27. In this section we let A be the subgroup
of G generated by the elements x; and x9. The following lemmas are
easy observations obtained by a straightforward computation from the
presentations of groups. We assume that all the groups G,,, have order p”,
where n > 7.

Lemma 4.1. Let G € Fam8. Then v (G) = (z3,22), 13(G) =
(z3,23), and in general, y2;(G) = (:L‘%i,x%i_1>, Yi+1(G) = (x%l,xgl> for
i>1.

Lemma 4.2. Let G € Fam 8. Then:

(a) If G = Gy, where m € {21,22,26,27}, then A’ = {z1} and ((A) =
v3(G); in all other cases A is abelian.

(b) Ifg € {y.yz1,y~ ",y w1, y°e1}, then (G, g) = 12(G); if g € {y?, y?2a},
then (G, g) = v3(G).
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Group | Fomorphism | Quiln [ Fepresntatis of o conjsey
type of ((G) | parameter elementary abelian subgroups
Gy Cy x Cy (0,0,2,0) @27y t), (@27 g, t)
Ga Cy x Cy (0,0,1,0) (22" oy, t)
Gs Cy x Cy (0,1,0,0) 22" 1)
Gy Cy (0,3,0,0) | (22" y), (@2 " ya), (22" 2 e
Gs Cy (0,1,1,0) <x2n_3,yx>, <x2n_3,y7t>
Gs Cy (0,2,0,0) <x2n_3,t>, <x2n_3,xyt>
Gr Oy x Cs (0,0,1,0) (2" y,t)
Gs Oy x Cs (0,1,0,0) (22" 1)
Gy Cy (0,2,0,0) @270, @227 y)
Gho Cy (0,2,0,0) @270, @27 y)
Gi1 Cy (0,0,1,0) (22" y, 1)
Gio Cy (0,1,0,0) 22" 1)
Gis Cy x Cy (0,1,0,0) (22" 2,
Gis Cy x Cy (0,1,0,0) (22" 2,
Gis Cy (0,1,0,0) (2277 222"
Gig Cy (0,1,0,0) (22" y?)
Table 11

(c) 21(A) is an elementary abelian subgroup of order 4 and ;(A) <

C({A, y2)).

Lemma 4.3. The set G\ A splits into 7 conjugacy classes, which are
y12(G), yr172(G), T'2(G), y 2172(G), yP2172(G), ¥?y3(G), yPrav3(G).

Moreover, first four classes do not contain elements of order 2.

PROOF. It is obvious that A is a normal subgroup of index 4 with
the cyclic factor group G/A = (yA). We have also by Lemma 4.1 that

A = 2172(G) Uxoy3(G) Uv3(G). Hence

G\A=yAUuytAUuy’A

= y72(G) U yz172(G) Uy 170(G) Uy '2172(G)
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Uy*z172(G) Uy y3(G) U yrays(G).

By Lemma 4.2(b) each of the sets from the last two lines is a conjugacy
class. Since yA and y~'A are elements of order 4 in G/A, none of these
cosets contains elements of order 2 and the lemma is proved. ]

Lemma 4.4. Let G € Fam8, and let C' be one of the conjugacy
classes y2r172(G), y?73(G), y ngyg(G). If C consists of elements of order

2, then the family © = {{(g, 23 e ,:c%kil) : g € C} is a conjugacy class of
maximal elementary abelian subgroups of G. Moreover |©| = |C|/4.

Proor. Notice first that any two elements from different conjugacy
classes listed in the lemma are not commuting. So they cannot lie together
in an abelian subgroup. Further, if C' is one of these classes and g € C, then
as it follows from Lemma 4.2(c), (g,Q:(G)) is abelian. So by the above,
if g has order 2, it is maximal elementary abelian. It is clear that one
such subgroup contains 4 elements belonging to C' and different subgroups
determine disjoint such four-element subsets. Thus |©| = %. O

Corollary 4.1. If G € Fam 8 and |G| > 25, then maximal elementary
abelian subgroups of G have order not greater than 23. If |G| > 2%, and B
is a maximal elementary abelian subgroup of G of order 23, then B is not
normal in G.

The proof of the following lemma needs standard and not difficult
calculations.

Lemma 4.5. Let G € Fam 8. Then:
(a) for g € ((G), Calg) =
(b) for g € (z1,2) \ {(G), C (g) <y )
(c) for g € v3(G) \ (21, 22), Calg) =
{A, if A is abelian,
=

d) forge A
(d) 9 \ (G (9,73(@)), if A is nonabelian;

(e) fOl”g cy 131’}/2( ) 721722>
(f) for g € y*13(G) Uy fvm( ), Ca(g) = (h, 21, z2), where h* = g;
(g) for g ¢ (y*, A), Calg) = (9,¢(G)).
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Proposition 4.1. Let G € Fam 8.
(a) If A is abelian, that is m € {18,19, 20, 23,24, 25}, then

ICI(G)| = 9 4 22k +e2,
(b) If A is nonabelian, that is m € {21,22,26,27}, then
|ICU(G)| =9+ 5 - 22FFe5,

PROOF. Assume first that A is abelian. We split A into the set theo-
retic sum of 3 disjoint subsets: A = ((G)U ({21, 22) \ ((G)) U (A\ (21, 22)).
In ¢(G) we have two one-element classes, the set (21, 29) \ ((G) forms one
two-element class and finally in the last subset we have ‘A[T_4 = 9%k—2te_q
four-element classes. All this classes together with the seven classes con-
tained in G'\ A give 9 4 22%7¢=2 conjugacy classes.

Now let A be nonabelian and let us split it into the set theoretic sum
of 4 disjoint sets A = ((G)U((z1,22) \((G))U(13(G)\ (21, 22)) U(A\3(G)).
As in the previous case, conjugacy classes contained in the three first sets
have respectively 1, 2 and 4 elements. Each conjugacy class contained
in A\ 73(G) has 8 elements, by Lemma 4.5(d). Therefore |CI(G)| =

2 + 1 + 22k+€4—2_4 + 22k+5_§2k+5—2 + 7 _ 9 + 5 ) 22k+€—5' D

Lemma 4.6. Let G € Fam8. The conjugacy classes of G not con-
tained in A have elements of order as listed in Table 12.

Groups Gig| Gio| Gao | Go1 | Gaz | Gasg | Gas | Gas | Gag | Gar
A abelian + 1+ + - -=-+ |+ ]|+ -1-
Representatives
of conjugacy
classes
Y,y t 4 | 8 | 8 | 4| 8| 4| 8| 4| 4|8
yxi, y oy 4 8 8 8 4 4 4 8 4 8
Y21 2 4 4 2 4 2 4 2 2 4
y? 2 4 4 4 2 2 2 4 2 4
Y20 2 4 2 2 4 4 4 4 4 4
Table 12

PrOOF. The order of 3, y~! and y? can be easily fixed by Table 4.

1 2.2 .71

For yr1 and y~la; we have (yx1)? = y22225" € y?2973(G) and similarly
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(y~'z1)? € y?2973(G). Further (y%x2)? = t1totsts. If to = 21, then obvi-
ously tg = ty. If t9 = 25, then t‘g = z129. Now it is an easy task to fill the
table. O

Lemma 4.7. Let G € Fam 8.
(a) If A is abelian, that is m € {18, 19,20, 23,24, 25}, then

(b) If A is nonabelian, that is m € {21,22,26,27}, then
RG(A) — 5 + 5 . 22k+€—4'

PRrROOF. The only conjugacy class contained in A whose representa-
tives have 3-generated centralizers is C,, = {22, 2122}. Representatives of
all other conjugacy classes contained in A have 2-generated centralizers.

O

Now we are ready to count the Roggenkamp and the Quillen parame-

ters of all the groups of Fam 8.

Proposition 4.2. Let G = G,, € Fam38, |G| > 25. Then

R(G) = 92kte—1 4 4 if A is abelian, that is m € {18,19, 20, 23, 24,25},
| 5-2%k+e4 4 if A is nonabelian, that is m € {21,22,26,27},

where the values of r,, are given in the following table.

Gis Gig G Gag Gas Gos | Gor Gaz Gas  Gor
rm | 20 15 16 19 17 17 18 17 19 15

Table 13

PrRoOOF. By Lemma 4.7 in order to find the Roggenkamp parameters
we need to count minimal numbers of generators of the centralizers of the
elements listed in Table 12. The elements v,y ', yz1,y~'2; have central-
izers of order 8, so if any of these elements has order 4, then it must have a
2-generated centralizer. If it has order 8, then its centralizer is cyclic. The
elements y?2, 3%z, are 2-powers and have centralizers of order 16 which are
2-generated. The centralizer of y?z; has 8 elements and depending on its
order it is 3-generated when its order is equal 2 and 2-generated, when its
order is equal 4. O
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Proposition 4.3. If G = G,, € Fam8, |G| > 25, then the Quillen
parameter of G is such as it is listed in the following table.

Group Quillen The representatives pf the cqnjugacy classes
parameter of elementary abelian maximal subgroup

Gis | (0,0,3,0) | (yPx1,N(4)), (¥ N(A), (P2, N(A))
Ghg (0,1,0,0) Q1(A)

Gap (0,0,1,0) (229, Q1(A))

G21 | (0,0,2,0) (y2z1, Q1 (A)), (yPa2, 0 (A))

G2 | (0,0,1,0) (y?, (A))

Gas | (0,0,2,0) <y2x1791(A)> (y*, Q1 (4))

Gaa | (0,0,1,0) (y*, 0 (4))

Gos | (0,0,1,0) (v xl»Ql(A»

Gz | (0,0,2,0) (Y21, 2 (4)), (¥ Nn(A))

Gar (0,1,0,0) Q1(A)

Table 1/

PROOF. It was mentioned earlier that if the elements y2, y?z1, yzo
have order 4 then ©;(A) is the unique maximal elementary abelian sub-
group of G and then (0,1,0,0) is the Quillen parameter of G. If among
these elements there are i elements of order 2, i € {1,2,3}, then the
Quillen parameter of G has the form (0,0,7,0). So using the information
from Table 12 one can easily fill Table 13. g

5. Groups with 3-generated commutator subgroup

In this section we describe the groups defined in Theorem 2.5.

Let G = G, 28 < m < 43. In this section we let A be the subgroup
of G generated by the elements 2 and 3. This subgroup will play a key
role in our computations.

The following lemmas are easy observations obtained by a straightfor-
ward computation from the presentations of the groups. We assume that
all the groups G,, have order p”, where n > 6.

Lemma 5.1. Let G € Fam 7. Then v2(G) = (y2?, 2332, 23), 13(G) =

<1§%1§2,.’L’%> and, in general for m > 2, y9,,(G) = (23" ,l‘%m_1>, Yom+1(G) =
1 %2 2 )



On 2-groups of almost maximal class 115

Lemma 5.2. Let G € Fam 7. Then:

(a) 13(G) < A and |[A: 3(G)[ = 2;

(b) A is normal in G and the factor group G = G /A is isomorphic to the
dihedral group of order 8,;

(¢) If G = Gy, with 36 < m < 39, then [A, A] = (z1); in all other cases A
is abelian;

(d) The subgroup H = (y?, A) is the unique normal subgroup of G of
index 4 containing A;

(e) There exist exactly 4 non-normal subgroups of G of index 4 containing
A: Hy = (21, A), Hy = (4?21, A), Hy = (ya; ', A), Hy = (yP21, A).
Moreover, H{ = Hy and H5' = Hy.

Let H = ®(G) = (y%, A). Since d(G) = 2, G has exactly three maximal
subgroups. These are M} = (y, H), My = (x1,H) and M3 = (yz1, H). It
can be easily seen that d(My) = d(Ms) = 2 and d(Ms) = 3. In further
considerations we will use the splitting of GG into the following set-theoretic
sum of pairwise disjoint subsets:

G = AU(H\ A)U (M, \ H)U (M \ H) U (My \ H).

Lemma 5.3. Let G € Fam 7. Then
(a) Cla(H\ A) = {y*7(G), vz, *3(G)},

(b) Clg(Mi\ H) = {y72(G), y*12(G)}.

PROOF. (a) Since H \ A = y?A and A = v3(G) U z] *v3(G), we have
H\ A = y?v3(G) Uy?x?y3(G). Now the relations 3 and 4 give [G,y?] =
(G, y?27?] = 73(G). Hence for g € {y?,y?27?}, Cy = g73(G).

(b) By Lemma 5.1, H = 72(G)Uz372(G), so M1\ H = yH = yy2(G)U
yr3y2(G). Now Cg(y) = (y,((Q)) and Cg(yz?) = (yz?,((G)), that is for
g € {y,yz?}, |Cs| = |2(G)| and the assertion follows. O

The following lemma will allow us to count the Quillen parameters of
all groups of Fam 7.

Lemma 5.4. Let G = Gy, be a group of Fam 7. Then the set of all
elements of order 2 of G is contained in

mA)u ] q

geX
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where

ok—2

¥ — {y27y2331_2,yx1_1,ya:l_lxgkil} if A is abelian,
{2, yzy 23 ) if A is nonabelian.

PROOF. It suffices to show, that conjugacy classes which are not rep-
resented by elements from X, do not consist of elements of order 2. By
Lemma 5.3 elements belonging to M7 \ H are conjugated either to y or
to y3, so their order is equal either 4 or 8. It can be also easily verified
that elements of the set My \ H have order equal to o(z1) = 281, So
let us consider elements of M3\ H. Since M3\ H = yxl_lA Uyl A
and (yxl_lA)y = 9321 A, we consider only elements from yxl_lA. Let
g = y:l:l_l(x%’”xg) be an arbitrary element of this set. First let us as-
sume that |G| = 22%%2 (in this case 0 < 7 < 2F, 0 < s < 2F°1) If A
is abelian, then ¢? = t1t2t4(a:1_2x2)s_7". Since t1,t9,t4 € {1,x%k = x%k_l},
g has order 2 if and only if t1toty = 1 = (xl_garg)s_". It follows from
Table 5 that for m € {29,31,33,35} titaty = 21 so the subset M3z \ H
of G, does not contain elements of order 2. If m € {28,30,32,34}
then ¢ty = 1 and then g is of order 2, when 7 — s = 0 (mod 2F~1).
Since this congruence has exactly 2* solutions, there exist exactly 2F+!
elements of order 2 in M3 \ H (half of them lie in yz;*A and the sec-
ond half in y3x1A). It can be easily checked that for m € {28,30},
Cg(y:cl_l) = <yl‘1_1,y21‘1_2,21,1‘1_11}2>, SO |ny*1| = 2k, The second con-
jugacy class consisting of elements of order 2lis the class represented by
yxl_lzl. If m € {32,34}, then Cg(yxl_l) = (yxl_l,zl,:cl_lx2> and then all
elements of order 2 of M3\ H lie in one conjugacy class.

Now let us assume that A is nonabelian, that is m € {36,37,38,39}.

For g = ya; (2" x5) we have

¢ = tltgt:g”“z%”(s_?q)ZQxl_z(S_r)xg_T. (7)
Therefore, if g> = 1 we have x1—2(s—7~)$§_r € Q1(A), which says that
xl_Z(S_T)xg_T € {1, a:l_Qk_la:%ki2 = z129}. In particular s and r have to be of

the same parity, and because of that ¢° = t1tats2; Z2x1—2(s—7")
it follows from Table 5, there is no element of order 2 in M3\ H for G37 and
G3g. If G = G36 or G = G3g then g% = 1if and only if r—s = 2F72(mod 2%).
This congruence has 2* solutions which means, in particular, that in M3\ H

x5 ". Thus, as
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2k+1 elements of order 2 and they all belong to the class
of the element ya:_lxgk_Q as Cq(yx™ 13:% ) (yx_lsc% 21,7 2e), 16
|C | k2| = ok+1
yr—lag
Finally, let |G| = 2%%3. Then ¢ = t1t;"" (27 %22)°" and so g
has order 2 if and only if 1t (27%29)*" = 1, 0 < s,7 < 2F — 1.

For arbitrary values of ¢; and t4 the last equahty is valid for exactly

there exist exactly

2 different pairs (s,7). Now notice that (y:cl_l)nyl_Q = (yx; tity and
g gk—1 _

(ya:l 13:2 e 2 = (ya:l_largk Yatity. Hence t; = t4 implies that

Yy ! has order 2, Cg(y:cl_l) = (y:cl_l, y2x1_2, xf2x2> and ‘nyl—l‘ = ok+1

Therefore all elements of order 2 of the set M3\ H lie in Cy o If 1 # ty,

then ya:l_lscgkf1 has order 2 and similarly as in the previous case, all ele-
ments of order 2 of the set M3 \H lie in the Conjugacy class represented by
Y] lx% since Cq(yz = ! 2 ) (yxy ! % , yg.CL‘l_Zl‘% , 1‘1_2.1}2>. O

Corollary 5.1. Tables 15, 16 and 17 contain full information about
orders of elements of X in particular groups.

g Gag | Gag | Gao | Gz1 | G32 | Gs3 | Ga | Gas
y? ol 2| 4| 4| 2| 2] 4|4
yla? 2 | 2 | 2| 2 | 4| 4] 4] 4
yay 2 [ 4| 2| 4] 2| 4] 2|4
yry'22 2 4 2 | 4|2 | 4] 2| 4
Table 15
g Gao | Ga1 | Gaz | Gaus
g G6 | Gsr | Gss | G Y2 9 4 9 4
2 2 2 4 4 yle_Q 2 2 4 4
k—2
yay a3 2 | 4 | 2| 4 yay 2 | 2| 4| 4
ye'22 4 | 4 | 2 | 2
Table 16 Table 17

Now, similarly as in the case of Fam 8 we can use it for building max-
imal elementary abelian subgroups and counting the Quillen parameters
for our groups.
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Proposition 5.1. Let G = G,,, € Fam 7. Then the Quillen parameter
of G is such as in the following table

Group Quillen Represgntatives of the conjt.lgacy classes
parameter of maximal elementary abelian subgroup

Gas || (0,0,1,1) | (y*,(4)), (ya1 ',y ? Q(A))

Gzo || (0,0,2,0) | (>, 2 (A4)), (y’z1% Qu(A))

Gso (0,0,0,1) (yxl ey % 01(A))

Gs1 (0,0,1,0) | (y%x2,Q1(A))

Gsz || (0,0,2,0) | (3% Qu(A)), (yz1' (A)

Gss (0,0,1,0) | (y%, Q1(A))

Gsa || (0,0,1,0) | {yai*,2(4))

Gss (0,1,0,0) | Q1(A)

Gao || (0,0,2,0) | (5>, (4), (yai'ed " N(A))

Gsr (0,0,1,0) | (y2,Q1(4))

Gss || (0,0,1,0) | (yay'a5™* O (A))

Gsg (0,1,0,0) | Q1(A)

Gao || (0,0,3,0) | (y*,2(4)), ¥’z % (A)), (ya1 ',y ® 2)

Gu || (0,0,2,0) | {y%27° (A)), (yay ,yzxf2,2>

Gaz || (0,1,1,0) | (y* 2 (A), (yzy 23 ", 2)

Giz || (0,2,0,0) | Qi(A), (yar e, 2)

Table 18

For counting the numbers of conjugacy classes and the Roggenkamp
parameters we need much more detailed considerations than in the previ-
ous families.

Lemma 5.5. Let G € Fam 7.

(a) If |G| = 2%*3, then |Clg(A)| = 223 4 2F=1  9h=2 4 1;
(b) If |G| = 22**2 and A is abelian, then |Clg(A)| = 224 + 21 4 1;
(c) If |G| = 22%%2 and A is nonabelian, then

|Clg(A)| = 22875 4 22h=T 4 ok=2 | ok=3 | ok—4 4 g
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Moreover,
2|Clg (A if |G| = 2%+3,
Roa) = [ACIAI (G =2
2|Clg(A)| +1 if |G| = 2%+2.

PROOF. (a) Since A is abelian and |G : A| = 8, each conjugacy class
of G contained in A has at most 8 elements. For a noncentral element g
of Q1(A) = ((22)2 " 22") we have Cq(g) = (2,21, 22) = (y% x1) and
then |Cy| = 2. For g € A\ Q(4A), ¢v° = g 'h # g, where h € {1,z}.
Hence y? ¢ Cg(g) and because of that |G : Cg(g)| > 4, which says that
either Cq(g) = A or Cg(g) = H; for certain i € {1,2,3,4}. Thus for
g € A\ Q(A), |Cyl < 4if and only if g € T = Ca(x1) U Ca(y?z1) U
Ca(yr1) U Cq(y3zy1). Straightforward computations show that Cy(z1) =
(@2, 01(4), CalyPor) = (22, (A), Calyzr) = (22a3 "), Caly’ar) =
(x2x5). Tt is clear that Ca(w1) N Ca(y?z1) = Q(A) and Ca(yxr) N
Ca(yPzy) = ((m%xg)ZkA) < Q1(A). Hence [Ca(z1)UCA(y2x1)| = 2842 — 4,
|Ca(yz) U Ca(yPz1)| = 2811 — 2 and so |T| = 282 4 21 — 8. The
set T is of course a normal subset of G and it contains three conju-
gacy classes having less than 4 elements, namely {e}, {(m%xg)Qkfl} and
{2227, 22"}, Therefore |Clg(T)| = 3 + w = 2k 4 oh-1
All other elements of A lie in 8-element conjugacy classes. So we have
22k_2k+28_2k+1+8 = 22k=3 _ 9k=1 _ 9k=2 4 1 gsuch classes. Consequently
|Clg(A)| =223 4 2k —2h=2 4 1 = 92k=3 4 k=1 4 ok=2 4 1,

(b) Similarly as in the proof of the first case for a € A, |Cy| = 4 if
and only if Cg(a) is one of the five subgroups of index 4 containing A. If
a ¢ Q1(A), then a¥* = a~'t, where t € Q1(A), so H is not a centralizer
of an element from A\ Q(A). If Cg(a) = Hy, then a € (22) = A;.
Since (23)Y = watsts, Cola) = Hy for a € (watsty) = As. Further, if
Cg(a) = Hs, then a € (x72%x2,Q1(A)) = By and similarly Cg(a) = Hy, if
a € (w179,Q1(A)) = By. Since A1 As = A and |A;| = |As| = 2 we obtain
|A1 N As| = 2. Analogously, |A : BiBs| = 2 and |By| = |Ba| = 2%, so
|B1 N By| = 4. Hence |A; U Ag| = 281 — 2, | By U By| = 21 — 4 and from
‘(Al U AQ) N (Bl U BQ)‘ = 2 we obtain ‘Al UAdsU B U BQ| = ok+2 _ g,
Since Ay U As U By U By contains all elements, whose conjugacy classes

2k+2_19
1

have no more than 4 elements, we obtain 3 + = 2F 4-element

classes. Each of all other classes contained in A has 8 elements. So we
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have 722k_1_82k+2+8 = 2%—4 _ 2k=1 1 1 such classes. Finally we obtain
|Clg(A)| =224 428 —2k=1 41 = 2%~4 4 9h—1 4 1.

(c) It is clear that A is nonabelian only when 25" = x5 125, that is when
G € {Gs6, G37, Gag, G3g}. In this case the action of G on A? is similar
to the action of G on A in the previous case, that is when A is abelian and
|A| = 2273, So |Clg(A?%)| = 22#76 4282+ 1. Conjugacy classes which are
contained in A\ A% have either 8 or 16 elements. Since for every g € A\ A2,
Cy = Cyz, and ((G) = (21), images of these classes in G = G/¢(G) have
twice less elements and images of different classes are different. By (a)
‘Cl@(ﬁ\ KQ)‘ _ (22k:—5 + 9k=2 4 9k=3 | 1) — (22k:—7 4+ 9k=3 4 ok—4 | 1) =
22k=5 _ 92k=T 4 9k=3 4 9k=4  Therefore |Clg(A\ A%)| = 22F=5 — 22T 4
2k—3 + 2k,’—4 + 22k—6 + 2k—2 + 1= 22k—5 + 22k—7 + 2k,’—2 + 2k—3 + 2k,’—4 + 1.

For the proof of the last assertion it is enough to notice that d(Mas) = 2,
d(M3z) =3 and if g € Q1(A) \ ((G), then

Cc(g) =

My if |G| = 22k+3,
M if |G| = 22k+2,

All other elements of A have centralizers equal to H; for some 7, 1 <1 < 4,
or to GG. All these groups are 2-generated. O

Lemma 5.6. Let G € Fam7 and let z € My \ H.
(a) If |G| = 2%%3, then Cq(z) = (x,Q1(A)) and |C,| = 2¥+1. Moreover,

|Clg(My \ H)| =2 and Rg(My\ H) = 2~
(b) If |G| = 2?%*2 then Cg(z) = (x) and |C,| = 2¥*!. Moreover,
|Clg(My \ H)| = 2" = Rg(M; \ H).

PROOF. Since My \ H = 21 AU»%x1 A and (z1A)Y = y%x1 A, it suffices

to count |Cy| for x € x1A. Put z = xlx%"xi € x1A. If g € G centralizes x

then g = gA centralizes T = zA in G = G/A that is § € (72, 7T1). Now, it

follows from properties of G that g = y%a or g = y?z1a or g € (x1, A) for
2u .0

suitable a = z3%zy € A. None of the elements of the form either g = y?a
or g = y?z1a centralizes x. In fact,

2 22U v _ —
v — (ZBIZB%T:L'S):’J zitTy T2 2r+2x2 s+1+2va1’
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where a; € Q1(A). Similarly,

2 2 2u v _ —
pyTe — (.’Iilfl}%rl‘;)y TizitTy T12] 2r+2x§ l+2va1'

So in both cases we obtain = # 9. Therefore we assume that g € (x1, A).
In this case we need only to describe Cs(x). For z = x; it was done in the
proof of Lemma 5.5. For the general case the calculations and conclusions
are similar. So for a) we obtain Cg(z) = (z,Q21(A)) and d(Cg(x)) = 2.
Hence |C,| = 222:;3 = 2k+1. This means that |Clg(Mo\ H)| = Mg,flf” =2k
and Rg(My \ H) = 2|Clg(My \ H)| = 2+,

For b) the proof of Lemma 5.5 yields Cg(z) = (x) (and of course
d(Cq(x)) =1). Thus [Cla(My \ H)| = B8 = 9v-1 = Ro(My \ H). O

For counting the centralizers of elements of M3\ H notice that M3\ H =
yxl_lAUy?’xlA, (yxl_lA)f‘”1 =3z A and (yPz A% = yxl_lA. So it suffices
to study only these conjugacy classes which are represented by elements

of the form g = y:l:l_la, where a = :L‘%Txg € A.

Lemma 5.7. Let G € Fam 7 and let A be abelian. If g € ya:l_lA, then

1

22zt if |G| = 2%++3,
CA(%_&):{MN G

(x5t 21) i |G| = 2242,

PROOF. For every h = z3%z¥ € A we obtain from the relations of the
group and the relations (3) that

h __ —w . —2u 2u, wy\ 2w, —up—u,2u W 2(utw)  —utw,—u
Y= (g Yo y(e1ay ) = yayry ity et ey = ya) Lo iy
—-I\h _ _—~w_ —1 w _ _—1 2w;—w
(1 )" =2y Vay g = 23"t
Therefore

_ 2(u+ — — _ _
(yay )P = (yai Ty o) (o et )

_ yxl—lx%(u-&-w)xg—thQu—&-wx%thw) (8)
— yxl—l(l,%l?)u-i-w'

Hence for every a = x77x§ € A, h = x2z¥ centralizes yz; 'a if and only

if (2229)%T™ = 1. This means for the case |G| = 22**3 that u + w = 0
(mod 2%) Consequently h = (2 %22)" and then Ca(yx; 'a) = ((z]%x2)). If
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|G| = 22%%2 then we get u +w = 0 (mod 2¥~!) or equivalently u 4w = 0
or 21 (mod 2¥). Hence h = (x7%x9)" or h = (x]2r2)"z. Finally
Ca(yryta) = (x7 %9, 21). O

The centralizer of the image of g = yxl_la in the factor group G = G/A

is equal to (g,7%). So we need also to check for which g € y:L‘l_lA there
exist elements in y?A centralizing ¢.

Lemma 5.8. Let G = G,, € Fam 7 and let A be abelian.
(a) If n € {28, 29, 30 31} andge{y:n1 ,Yx] :E2 }orn € {32,33,34,35}
k 1>.
(b) If n € {40,41,42,43} and g € {yx]",yx] 122"}, then Cglg) =
(g,y%x; - x] 23:2>.
(c) If g € ya:l_lA is not conjugated to elements distinguished in (a) and
(b) then Cg(g) = (g, 27 *x2,((G)).
(d) Clg(M3\ A) =2k-1 1.

and g €{yx;* a:2 ,ya:l Loy ? } then Cg(g) = (g, y?xy ', o7 2w, 23

PROOF. It follows from Lemma 5.7 that in all the cases |Ca(g)| = 2"
forallg € y:cl_lA. It is also easily seen that g> € C4(g) and for every h € A,
(y2h)? € Ca(g). Thus if Cq(g) = (g,y*h, Ca(g)), then |Cg(g)| = 2¥+2 and
S0

o 2k for |G| = 22k+2,
|Cql = 2kl for |G| = 22k+3,

All other conjugacy classes have 28! and 2572 elements in the cases |G| =
22k+2 and |G| = 22#*3 respectively.

Now let h = z¥“2¥ and a = 23"x§ be arbitrary elements of A. As it
was seen in the proof of Lemma 5.7

2h _ h 2(utw)  —ytw,—
Yy =yt =ya] T ty
Moreover

(1’11) *h— (-Tl_l)y%%uxz = (t1wy -’El)x% % = = (t1zg 1‘1) o3

= a5V (tiag ta) 2y = ity e (bt tag) 2y

= x5 (e 1Y)
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and

2 2
y°h __ 2r . s\y* __ ,.—2r _,—sur+s __ _—1l,r+s
a" = (a7 23)Y =a] Tyt =am

Lo
Hence

(yary ") = (O (T () ()
— yxl—l(x%xg)u—kw—kltézl(a—ltzﬂ-S) (9)
_ yxl_la(l‘%l‘z)u—i_w—i_l&_g (tltT—s_l)-
Since t1,t4 € ((G), we obtain that if y?h € Cg(yxl_la), then
a? € (2229,¢(G)). If |G| = 22%*3  then the subgroup (z?wy,((G)) is
cyclic of order 2¥. Therefore for every a € A satisfying a® € (z?x9,((Q))
we can find u and w such that y?(z3*2¥) € Cg(yr;'a). There exists
exactly 28! possible values for a, because a can be an arbitrary element

of (222,01 (A)). It is an easy task to show that for g = yxl_l,

Cy = {yay (alxe)" :r =0,1,...,2" — 1}
U {gPar (e 2a)" r = 0,1,...,28 — 1}

_ —1 2k71
and for g = yx] x5

Cg = {yxl_l(x%x2)7qx%k71 r= Oa 17 cee a2k - 1}

1

U {Par (a7 2a0) 23 e =0,1,... 28 — 1}

Both classes contain obviously all elements of yxl_lA having centralizer
of order 2¥+2. All other elements g € M3\ H have centralizers of the form
(9, x1_2x2>, because no element from the coset y>A centralizes g.

Now assume that |G| = 22**2. Then (2229, ((G)) = (2229, 21) is not
cyclic and if for a = 23"z§ we have a? € (v2x9,21), then a € (v3x, 22(A)).
Since we assumed in the beginning of this section that |G| > 27 we have
k > 2 and then in (9) we obtain 7 +s =0 (mod 2). If t;4 = 1 then y?h €
Cc(g), g = yxy'a, if and only if a belongs to (x?x2,Q1(A)) which is of
order 2¥. So there exist in yxl_lA exactly 2F elements with the centralizers
of order 2872, Tt is clear that they are divided into two conjugacy classes
as for such g we have |Cy; N yxl_lA\ = 2k=1 Tt is also clear that the
elements y:cl_l and y:l:l_lzl are not conjugated and if ¢ is one of them then
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Calg) = (g,y°x5 1, Q1 (A)). All other elements have the centralizers of the
form (g, Ca(g)) that is of order 2F+1.
If t1t4 = 21, then y?h € Cg(g), g = ya:l_la, if and only if a belongs to

(x229,Q9(A)) and a? = 2. So there exist again 2* possible values for a.
igkfl

Let a = x5 ,u =0 and w = —1. Then from (9) we obtain
-1 k—2.,2,.—1 -1 2k72 _2k71 -1 2k72
(yx] eI = Y, a:%t T 21 = yx] in .
Since the elements yxl_l:EQkf2 and yxl_lx_gki2 are not conjugated the

conjugacy classes of them contain all the elements with the centralizers of
order 2842, All other elements have the centralizers of the form (g, Ca(g))
that is of order 2F+1,

For the proof of (d) let us notice that if |G| = 22¢*3 then we have 2
conjugacy classes having 28! elements. All other classes have twice more

elements. Since |Msz \ H| = 2%%*! we have 2 + 2%;7131“2 = 2k1 41

— 92k+2

conjugacy classes. The calculation for the case |G| is similar. [

Lemma 5.9. Let G = G,, € Fam 7, |G| = 22kT2+¢ where € € {0,1}.
If A is abelian, then

2k 1 2k=2 15  if n e {28,30},
ok 4 2k=2 13 if n € {32,34},
2k 44 if n € {29,31,33,35},
k=1 4 9k=2 1 4 if n € {40,41,42,43}.

Rg(M3\ H) =

PROOF. First assume that |G| = 2213 i.e. n € {40,41,42,43}. If g =
yxl_l or g = yxl_lxgﬁl then Cg(g) = (g,yzxfz,xf2x2> by Lemma 5.8(b).
Thus d(C¢(g)) = 3. Hence it remains to consider conjugacy classes con-
tained in Ms \ H containing neither ya:l_l nor yxl_lx%k_l. Let g be a
representative of such a class. It follows from Lemma 5.8(c) that Cg(g) =
(g,z%x5). Thus this centralizer is either 2-generated or cyclic. Put g =
yry N (a¥a3). So ¢? = (23x51) 5t1ts and then Cg(g) is cyclic if and only
if » — s is invertible in Z,.. There are exactly 22~! such elements. Since
they split into conjugacy classes, each having 2¢t! elements in yxl_lA,
we have 2572 such classes that their representatives have cyclic centraliz-
ers. Representatives of other classes contained in M3\ H have 2-generated
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centralizers. Therefore by Lemma 5.8(d)
RG(Mg \ H) =6+ ok—2 + 2. (Qk_Q _ 1) — k=1 + ok—2 + 4.

Now assume that |G| = 226%2. If g is one of the elements distinguished
in Lemma 5.8(a) then Cg(g) = (g,9y%25 ", 2322, 21) and then d(Cg(g)) = 4
if and only if o(g) = o(y?zy') = 2. Tt follows from Table 12 that this
happens for the groups Gog and Gsg only. In all other cases we have
d(Cg(g)) = 3. So it remains to consider conjugacy classes contained in
M3\ H not containing elements distinguished in Lemma 5.8(a). It follows
from Lemma 5.8(c) that Cq(g) = (g,2] %, 21). Thus this centralizer
is either 2-generated or 3-generated. Put g = yxl_l(x%’”fcg). So ¢* =
t1t2t4(az1—2x2)5_", and then Cg(g) is 2-generated if and only if t1taty = 21
or t1taty = 1 and s — r is invertible in Zqyr—1. By Table 5 t1toty = 21 in
G, it m € {29,31,33,35} only. So in these groups d(Cg(g)) = 2. If m €
{28,130, 32,34}, then ttaty = 1 and we have exactly 2272 such elements g
that r — s is invertible. Since they split into conjugacy classes having 2¥
elements from ya:l_lA we have 2872 such classes that their representatives
have 2-generated centralizers. Representatives of other classes contained in
M3\ H have 3-generated centralizers. Therefore the Roggenkamp number
of M3\ H is equal to

2-2F7243.(282-1)+8
Re(Ms\H)=1492-2k"2 4 3. (282 — 1) +6
2- (21 —1)+6

2k 1 2k=2 15 if m € {28,30},
=2k 4 2k=2 13 if m € {32,34},
2k 44 if m € {29,31,33,35}. O

Proposition 5.2. If G is a group of Fam 7 with A abelian then

224 4 3.9M 1 46 if |G| = 2°M2,

Cl(G)| =
| ( )| {22k—3—|—9-2k_2+6 1f|G| :22k+3'
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PRroOOF. For the proof it is enough to count the conjugacy classes
described in Lemmas 5.3-5.8. We gather this information in Table 19.

Subset |G| = 22k+2 |G| = 22k+3
A 22k—4 4 k=1 41 22k=3 4 ok=1 4 k=2 4 1
H\ A 2 2
M\ H 2 2
My \ H k=1 2k
Mz \ H 2k=1 11 2k=1 11
S |22t 4ok 4 2Rl 46 | 223 L oRFL L ok2 4 6

Table 19 O
Proposition 5.3. Let G = G, be a group of Fam7 and let A be

abelian. Then
22k=3 4 11-28"2 4, if n € {28,30,32,34},
R(G) =< 2%3 4 5.9k~1 4 if ne{29,31,33,35},
22k=2 1 17.2K=2 L if n € {40,41,42, 43},

where r,, for all the groups is given in the following table:

Gag | Gag | G30 | G31 | G3a | Gaz | Gisa | G35 | Gao | Gar | Gaz | Gas
18 16 16 14 14 15 12 13 15 13 15 13

Table 20

ProOF. For centralizers of representatives of conjugacy classes we
need to count numbers of generators in minimal generating sets. First
we list centralizers of representatives of conjugacy classes contained in
My\ A= (My\H)U(H\ A). The element g appearing in the centralizer

of y?x5 ! is one of the elements defined in Lemma 5.8

g ‘ Cc(9) ‘ Goas ‘ Gag ‘ Gio ‘ Ga ‘ Gio ‘ Gss
2 (g, Q1 (A) 2 221222
vyt | (Payt g, (A) | 4 3 4 3 3 2
Y (y,21) 2 2 1 1 2 2
Y3 (y,z1) 2 2 1 1 2 2
> 098] 7093

Table 21
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9 ‘ Calg) ‘ G33, G3a H Gao, G2 ‘ Ga1,Ga3
Y {y, 0 (4) 2 2 2
vay' | WPey g (A) | 2 3 3
y (y,21) 1 2 1
y* (y,21) 1 2 1
> 6 9 7
Table 22

Now the sum of numbers from the appropriate columns of the above
tables and formulas counted for Rg(A), Rg(Ma \ H) and Rg(M3 \ H) in
Lemmas 5.5, 5.6 and 5.9 gives the formulas of the proposition. O

Lemma 5.10. Let |G| = 22%%2 and let A be nonabelian.

(a) If either g = ya:l_l or g = ya:l_lsz:%kf1 then
Calg) = (9, xixy " yP2y %, Q1 (A)) and |Cy| = 2F,

(b) If g € M3\ H is not conjugated neither to y:cl_l nor to yl‘l_ll‘%k_l then
Calg) = (g,x325 ", 1) and |C,| = 2F+1.

(c) [Clg(M3\ H)| = 2F=2 4 2F=3 4 1.

PROOF. Because of similar reasons as in the proof of Lemma 5.8 we

study classes represented by elements of the form g = y:cl_lx%’”:ca only.

Since Ci(9)/C(G) < Cae(a)(9¢(G)) by Lemma 5.8(b) there are no ele-
ments centralizing g in (M; \ H)U (M \ H). Let h = 22“2¥ € A be an
arbitrary element. Then by straightforward computations

2(u+
gt = glaf T gyt ws gt (10)

Hence h € Cg(g) if and only if
u+w=0 (mod?2%) or u+w=2"1 (mod2¥) (11)

and
ur+ws+u=0 (mod 2). (12)

If r and s are of different parity then each solution of (11) is also a solution
of (12). In this case there are no elements centralizing g in H\ A. Otherwise
the image of g in G = G/((G) would have such a centralizer which is
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not possible by Lemma 5.8(b). The number of elements of y:L‘l_lA of the

form g = yxl_lx%"xg such that r and s are of different parity is equal to
22k=2 The centralizer of such g has order 28! so |Cy| = 2FF!. Half
of elements of Cy lie in y:cl_lA. Thus we have just 22;—,;2 = 2F=2 of such

classes. Note that in this case Cy # Cy;, (g and gz; are not conjugated),
the images of C; and Cy, in G are equal and have the same size as Cy.
Hence there are 273 conjugacy classes in G which are images of classes
just considered. In ]\7/3 \ A there are 252 + 1 classes. So we have to fix
images of which classes of M3\ A are the remaining classes. If r and s
are of the same parity, then odd solutions of (11) does not satisfy (12).
Moreover in this case g is conjugated to gz; (gx%x2 = gz1). So images in
G of different such classes are different but they have twice less elements.
Hence we have just 2872 41 — 23 = 28=3 11 of such classes. Therefore
Cla(M3\ A) = 2F-2 4 2k=3 1. O

Lemma 5.11. Let |G| = 22%%2 and let A be nonabelian. If k > 3,
then

k=1 1 ok=2 4 ok=4 1 4 if G € {G3g,G3s},

Ra(M3\ H) =
a(Ms\ H) {Qk—1+2k—2+4 if G € {Gs7,G39}.

If k = 3, then for G € {Gs6,G3s}, Ra(Ms\ H) = 10 and
for G € {G37,G39}, Rg(M3 \ H) = 8.

Proor. We consider only the case k > 3. We give only sketch argu-
ments because detail calculations are similar as in previous proofs. First
let g be one of the elements yxl_l and yx_lx%k_Q. The images of the
classes represented by these elements in G = G/¢(G) are different by
Lemma 5.8(b) and have centralizers of the form (g, C’A(ﬁ),,@?ﬁ), where
h € A. So the centralizer of ¢ is also of this form. If n € {37,39},
then both elements have 3-generated centralizers. If n € {36, 38}, then
one element have 3-generated centralizer and the other one 4-generated
centralizer.

Now let g = yr 22"z € yz~'A be an arbitrary element with r,
s of different parity. Accordingly to the proof of Lemma 5.5 there ex-
2k=2 classes represented by elements of this form. By (10), Ca(g) =

(g,fcl_qug, z1), so by (7) it is 2-generated, since xﬁ“xg € (g,21).

ist
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We have still to consider the remaining 273 —1 classes. If n € {37,39}
then all representatives of these conjugacy classes are 2-generated. So
assume that n € {36,38}. Let g = yz~ 123725 € yz LA be an arbitrary
element with r, s of the same parity. If s —r is divisible by 4 then Cg(g) =
(g,x7*23, 21) is 3-generated. There exist 284 —
is not divisible by 4 then Cg(g) is 2-generated and there exist 2¢=% such
classes.

Summarizing, if n € {37,39} then Rg(Ms\ H) = 6 +2-2F2 +
2. (2F3 1) =2k 1 4 2F2 4 4 If n € {36,38} then Rg(Ms\ H) =
7+2-2F243. (284 1) 2.2k—4 = ok=1 L ok=2 4 ok—4 4 4 O

Proposition 5.4. Let G be a group of Fam7, |G| = 2%+2, If A is
nonabelian then |CI(G)| =5 - 227 421 . 2k=4 1 6.

Proor. It follows from Lemmas 5.3, 5.5, 5.6 and 5.10 that

1 such classes. If s — r

3
CUG)| = [Cla(A)] + |Cla(H \ A)| + Y |Cla(M; \ H)|
i=1
+ 24 (2287 g2k 4 0k=3 1)
which is equal to the formula given in the proposition. ]

Proposition 5.5. Let G = G,, be a group of Fam7, |G| = 22k+2, If
A is nonabelian and k > 3, then

R(G,,) = 5.2%6 4. 35.2k~4 4 pif m € {36,38},
" 5226 L 17 2k=3 4y if m € {3739},

where rsg = 16, rg; = 15, r3g = 14 and r3g = 13. For k = 3 we have
R(G36) = 38, R(Gsr) = 35, R(Gs) = 36, R(Ggg) = 33.

PRrOOF. Note that if n € {36, 38}, then Rg(H\ A) = 5. If n € {37,39}
then Rg(H \ A) = 4. We have also Rg(M; \ H) = 4 for n € {36,37} and
Re(M; \ H) = 2 for n € {38,39}. Now using the formulas obtained in
Lemmas 5.5, 5.6 and 5.9 we get the formulas of the proposition. 0
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