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Stability of invariant foliations
on almost contact manifolds

By DOMINGO CHINEA (Tenerife) MANUEL DE LEON (Madrid)
and JUAN CARLOS MARRERO (Tenerife)

Abstract. We prove that an invariant compact foliation of an almost cosymplec-
tic manifold is stable. A large collection of examples is given.

1. Introduction

The following result due to H. RUMMLER [12] is well-known: A com-
pact holomorphic foliation F' of a Kahler manifold M is stable. This re-
sult was generalized by H. HOLMANN for a compact almost complex (resp.
symplectic) foliation F' of an almost Kéhler (resp. symplectic) manifold

Our purpose is to extend the result for a certain kind of almost contact
manifolds, the so called almost cosymplectic manifolds. We say that a

foliation F' on an almost contact manifold is invariant if its leaves are
invariant submanifolds of M. Then we prove our main result: A compact

invariant foliation of an almost cosymplectic manifold is stable.

Finally, we exhibit several examples of stable invariant foliations on
almost cosymplectic manifolds. Let us remark that the examples of 4.3 are
stable invariant foliations of almost contact manifolds which do not posses
almost cosymplectic structures.

2. Preliminaries

First, we recall some definitions about foliations on manifolds.
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Let F be a foliation of dimension p and codimension ¢ on a manifold
M of dimension n = p+ q. We denote by T'F' the vector subbundle of T'M
which consists of the tangent vectors to F, and by T, F the fiber of TF
over z. If X is a vector field tangent to F' (i.e., X (x) € T, F for all x € M)
then we put X € F.

Definition 1. (1) F is said to be compact if each leaf of F' is compact.
(2) A leaf L of a compact foliation F is said to be stable if every neigh-
borhood U of L contains an invariant neighborhood V of L, i.e., V is a
collection of leaves. (3) F' is said to be stable if every leaf of F' is stable.

Now, we consider the product manifold M = M x S'. A vector field
on M will be denoted by (X,aT) where X is a vector field on M which
takes values in TM, T is the unit tangent vector field to S and a is a
function on M. We shall construct two foliations on M as follows:

(1) A foliation F} defined by

TiwyF1 = T F, forall (z,t) €M x S'.

Then F) is a foliation on M of dimension p and codimension ¢ + 1.
The leaf (L1)(s,+) of F1 passing through (z,t) is precisely L, x {t} which
can be identified with L,. Hence F' is compact if and only if F; is compact.

(2) A foliation F» defined by

TianyFo = T,F & T,S", forall (z,t)€ M x S

Then F, is a foliation on M of dimension p + 1 and codimension g.
The leaf (L2)(y4) of Fy passing through (x,t) is precisely L, x St As
above, F' is compact if and only if F5 is compact.

Proposition 1. The following three assertions are equivalent: (1) F
is stable. (2) Fy is stable. (3) F is stable.

3. Invariant foliations on an almost contact manifold

Let (M, ¢,n,&,(, )) be an almost contact metric manifold of dimen-
sion 2n + 1. The fundamental 2—form ® of M is defined by

O(X,Y)=(X,pY), forall X,Y € x(M),

where x(M) denotes the Lie algebra of vector fields on M.

Let us recall some well-known definitions (see [1]). The almost contact
metric manifold M is said to be:

contact iff & = dn;

normal iff [p, p] + 2dn @ £ = 0;

almost cosymplectic iff d® = dn = 0;

cosymplectic iff it is normal and almost cosymplectic.
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We now consider the product manifold M = M x S'. An almost
complex structure J on M is defined by

J(X,aT) = (pX —a€, n(X)T).

Then the product Riemannian metric on M (also denoted by ( , )) is
Hermitian with respect to J and we have the following

Proposition 2. (M, ¢,n,&,( , )) is almost cosymplectic (resp., nor-

mal, cosymplectic) if and only if (M,J,( , )) is almost Kéhler (resp.,
Hermitian, Kéhler).

Remark. In fact, this proposition is just the aim of the definition of
normality (see [1], p. 48).

Definition 2. Let (M, p,n,&,(, )) be an almost contact metric mani-
fold. A foliation F' on M is said to be invariant if p X € F, for any vector
field X € F.

In other words, F' is invariant if and only if its leaves are invariant
submanifolds of M (see [13]).

We easily see that there occur only two cases for any invariant foliation
F on an almost contact metric manifold M.

(1) If the vector field £ is never tangent to F', then F' has even dimension.
In fact, for any vector field X € F' we have

which implies p?X = —X and n(X) = 0. Then ¢ induces an almost
complex structure on T'F' (or, equivalently, on each leaf of F'). Thus F' has
even dimension. Furthermore, on M we have

J(X,aT) = (pX —a&,0), forall X € F.

Thus J(X,0) = (¢X,0) and hence F} is invariant by .J, i.e., F} is an
almost complex foliation on the almost Hermitian manifold M.

(2) If the vector field & is tangent to F', then F' has odd dimension. In
fact, for any vector field X € F' we have

©2X = - X +n(X)E.

Hence the leaves of F' are almost contact manifolds endowed with the
restriction of ¢, n and &. Furthermore, on M we have

J(X,aT) = (pX —a&, n(X)T) € Fy, forall X € F.

Thus F5 is a foliation on M invariant by J, i.e., an almost complex
foliation on the almost Hermitian manifold M.
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Remark. From the above results we easily deduce that the vector field
¢ is either everywhere tangent or nowhere tangent to F. In fact, if §, & T, F
(resp. &, € T, F) at apoint © € M, then F has even (resp. odd) dimension.

The following result has been proved by HOLMANN [8].

Proposition 3. A compact almost complex foliation on an almost
Kahler manifold is stable.

Then from Propositions 1, 2 and 3, we easily deduce our main result:

Theorem 1. A compact invariant foliation F' on an almost cosym-
plectic manifold M is stable.

4. Examples

4.1. The manifolds M(1,r)

Let H(1,7) be the generalized Heisenberg group which consists of the real
matrices of the form

L. X Z
0 1 y
0 0 1

where X' = (z1,...,2,), Z' = (21,...,2,) € R", y € R. Then H(1,r) is
a connected simply-connected nilpotent Lie group of dimension 27 + 1.
Denote by (z;,y, z;) the global coordinate system of H(1,r). Then we
have a set of linearly independent left invariant 1-forms on H(1,7):
a; = dx;, B =dy, ¥ =dz — zdy;

its dual basis of left invariant vector fields is given by

X;=0/0x;, Y =0/0y+ Y _ x:(0/0z), Zi =0/0z.

=1

Now, we define M (1,r) =T'(1,r)\H(1,r), where I'(1, r) is the discrete
subgroup of matrices with integer entries. Thus M(1,7) is a compact
nilmanifold of dimension 2r + 1 (see [2]). Since {a;,3,7;} are invariant

under the action of I'(1, r) there exists a linearly independent set of 1-forms
{a;, 3,7} on M(1,r) such that

ﬂ-*ai = di? W*ﬁ = B: 7T*’7i = ’72'7
where 7 : H(1,7) — M(1,r) is the canonical projection. Thus we obtain

do; =0, dB =0, dyi=—a; N3, 1<i<r.
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If we denote by {X;,Y, Z;} the dual basis of vector fields, then we
have
and all the other brackets are zero.

Alternatively, M (1,7) may be seen as the total space of a T"*1-bundle
over 1. In fact, consider the representation

0: 7" — Diff(T" 1)

defined as follows: o(ni,...,n,) is the transformation of 7" %! covered by
the linear transformation of R™*! given by the matrix

1 00 --- 0

1 1 0 0

o 0 1 0

n. 0 0 --- 1

Then o induces an action A of Z” on R" x T"*! defined by

A((nyy - oyng), (1, -y x0), [y 215 -0, 20])) =
((x1 4+ n1, .o xp +0p), 000,y n0 )Y, 215+ -0y 20]) -

Hence we obtain a 77! -bundle p : R" xz» T"*! — T" with projection p
given by
p[(xla s 71'7’)7 [?/721, . '727“]] = [xla s 7xr] .

In fact, this bundle is the suspension of the representation o (see [7]).

Now, it is easy to identify M(1,r) with R" xz- T"! in such a way
that p: M(1,7) — T", plx1,vy,21] = [x1], is a T"T1-bundle.

We know that M (1,7) can have no cosymplectic structures (see [4]).
However, M(1,r) possesses some interesting non-normal almost cosym-
plectic structures.

Next, we shall describe two examples of stable invariant foliations of
almost cosymplectic structures on M (1,7).

Ezxample 4.1.1. Suppose r > 2 and define a Riemannian metric on
M(1,r) by
(,) =D (ai+7))+5.
i=1

Now, let (¢,n,&,( , )) be the almost contact metric structure on
M(1,r), r > 2, given by

p=> (NOXi—i®Z)-BR L +m Y, n=a1, {=X1.
i=2
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Then

‘1)25/\71—1—2041'/\%.
i=2
Thus, we have
d® =0, dn=20

and hence (¢,&,n,(, )) is almost cosymplectic.

Now, consider on M(1,r) the foliation F globally spanned by
{Xs,...,X,.,Y,Z1,...,Z.}. Then F is a foliation of dimension 2r whose
leaves are precisely the fibres of the fibration ¢ : M(1,7) — S, q¢[z;,v,
2;] = [z1]. Thus, they are 2r-dimensional tori T2". Hence F is a compact
invariant foliation and, from Theorem 1, it is stable. We notice that the
result follows directly since the leaves of F' are the fibres of ¢, which is a
fibration with compact fibres [11].

Remark. If r =1, then we put
¢p=—PRZ+yRY, n=qa, £=X.

Therefore we deduce
b=0AN7y

and hence (¢,&,n,(, )) is almost cosymplectic. Proceeding as above, we
obtain an invariant foliation F' globally spanned by {Y, Z}. The leaves of
F are the fibres of the fibration ¢ : M(1,1) — S, ¢[xz,y, 2] = [z], which

are 2-dimensional tori T2. Therefore, F is stable.

Example 4.1.2. Consider the product manifold N = M(1,r) x T?.
Then N may be seen as the total space of a 7" 2-bundle over T"T! with
projection p x pri : N — T"t1 where pr; : T? — S' is the projection
defined by pri[u,v] = [u]. We notice that N can have no cosymplectic
structures since N x S1 can have no Kéhler structures (see [4]).

We denote by {U,V'} the global basis of unit vector fields on 72 and
by {du,dv} its dual basis of 1-forms.

Now, let (¢',n', &', (, )’) be the almost contact metric structure on N
given by

P =p—ay U +du® Xy, 0/ =dv, £ =V.

(Here ( , )" denotes the product metric on N).

Then we obtain ®' = ® 4+ a1 Adu, and hence (¢',n', &', (, )) is almost
cosymplectic.

Consider the (2r 4+ 1)-dimensional foliation F’ on N globally spanned
by {Xs,.... X, Y, Z1,...,Z.,V}. Then F’ is invariant and its leaves are
precisely the fibres of the fibration ¢’ : N — T2, ¢([z:,y, 2], [u,v]) =
[z1,u]. Thus, they are (2r+1)-dimensional tori 7271, Consequently, from
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Theorem 1 we deduce that F’ is stable. Alternatively, the result follows
directly since the leaves of F’ are the fibres of ¢/, which is a fibration with
compact fibres.

4.2. The manifolds M (kq, ..., k)

Let G(k1,...,k,) be the connected simply-connected (2r + 1)—-dimensional
Lie group of real matrices of the form

| R 0 0 =
0 e M= 0 0 0
0 0 ek 0 0 =z
0 0 0 e k= 0 y,
0 0 0 0 1 =z
| 0 0 0 0 0 1 ]
where x;,y;,z € R and kq,...,k, are fixed non-zero real numbers, with

ki =kz;, z; € Z, k € R. An easy computation shows that
{a; = e "7dx;, B; = "*dy;, 7 = dz}

is a family of linearly independent left invariant 1-forms on G(kq, ..., k).
The corresponding dual basis of left invariant vector fields on G(k1, ..., k)
is
_ o - 0 = 0
{ € ox;’ © oy;’ 0z }
We have

(X, Z) = —k;X;, [V, Z)=hkY;, 1<i<r,

and all the other brakects are zero. Then we easily show that G(k1, ..., k)
is a solvable non-nilpotent Lie group.
Now, let B € SL(2,Z) be an unimodular matrix, with positive real

eigenvalues and different A\ and A~! and let (a,b), (c,d) € R? be the cor-

responding eigenvectors. We consider the discrete subgroup I'(kq, ..., k;)
of G(ky,..., k) which consits of the matrices of the form
[ \*1P 0 0 0 0 nia+mqbT]
0 ATAP L 0 0 0 nic+mid

(p/k) In X
1 i

0 0 0
0 0 e 0 A7*P 0 npc+mpd
0 0 1
0 0 0
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with n;,m;,p € Z. We denote by M(ki,...,k.) = D(ky,..., k) \
G(k,..., k) the space of right cosets. Thus M (ky,,...,k,) is a compact
solvmanifold of dimension 2r + 1.

If m:G(ky,..., k) — M(ky,..., k) is the canonical projection, then
we have a basis {«;, 5;,7} of 1-forms on M (kq,...,k,) such that
™o =@, m6;=06, Ty=7,
do = ki o Ny, dB; = —k; Bi Ny, dy =0.

The corresponding dual basis of vector fields is denoted by { X;,Y;, Z},
and we have

(X, Z] = -k X5, Yo, Z)=kY;, 1<i<r,

all the other brackets being zero.

Alternatively, the manifold M (kq,...,k,) may be seen as the total
space of a T?"~bundle over S'. In fact, let T?" = R?"/H?" the 2r—
dimensional tori, where H?" = Z?" is the discrete subgroup of the in-
tegral linear combinations of the basis of R?" given by {(a,c,0,...,0),
(b,d,0,...,0),(0,0,a,c,0,...,0),(0,0,b,d,0,...,0),...,(0,...,0,a,c),
(0,...,0,b,d)} and let o : Z — Diff(T?") be the representation defined
as follows: o(n) represents the transformation of T%" covered by the linear
transformation of R?" given by the matrix

A 0 "o 0 0
0 A= ... 0 0
0 0 D Sk 0
0 0 cee 0 A=

This representation determinates an action A of Z on R x T?"which
is defined as follows:

A(TL, (Z, [xhyl, .. -;xryr]» = (’Z +n, Q(n)[xlaylv s 7$T7y7”]) :

Then p : R xz T?" — S' is a T?"-bundle where the projection p is
given by

p[z, [xlayla - 7331“73/7"]] = ['Z] .

Now, it is easy to see that ¢ : R xz T?" — M(ky,...,k,) given
by w([?«', [’rl?yl?"wx?“?yr]]) = [zlvylv"';xrvy'm( h’l)\)/ )Z] is a diffeo-
morphism, in such a way that p : M(ky,....k.) — S, plzi,y1,2] =
[(k/In\)z] is a T?"~bundle over S!.

Next, we shall describe an example of stable invariant foliation on
Mk, ... k).
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Define a Riemannian metric on M (k1, ..., k) by
(, )= (af+8)+7*.
i=1
Now, let (p,n,&,(, )) be the almost contact metric structure on
Mk, ..., k) given by

p=> BioXi—a;®Y), n=7, £=2.

=1

Then we obtain ;
i=1

and hence d® = 0. Therefore (¢,£,n,(, )) is almost cosymplectic.

Denote by F' the 2r—dimensional foliation globally spanned by { X1, ...,
X, Y1,...,Y,.}. Then the leaves of F' are precisely the fibres of the fibra-
tion p : M(ky,..., k) — S, which are 2r—dimensional tori T2". Since F'
is invariant and its leaves are compact, from Theorem 1 we deduce that
F' is stable. As above, the result follows directly since the leaves of F' are
the fibres of p, which is a fibration with compact fibres.

Remark. If r =1 and ky; = k, it is known that M (k) has no cosym-
plectic structures (see [10]). In fact, M (k) can have no normal structures
since M (k) x S* can have no complex structures (see [9], [6], [5]).

4.3. The manifolds M (r, 1)

Let H(r,1) be the generalized Heisenberg group which consists of the real
matrices of the form

1 X =z
0 I, Y
0O 0 1

where X = (z1,...,2.), Y = (y1,...y») € R", 2 € R. Then H(r,1) is a
connected simply-connected nilpotent Lie group of dimension 2r + 1.

Denote by (x;,y;, 2) the global coordinates of H(r,1). Then we have
a set of linearly independent left invariant 1-forms

T
a; = dxy, B = dy;, 7 =dz— sz’dym
i=1
and its dual basis of left invariant vector fields is given by
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Now, we set M(r,1) = T'(r,1) \ H(r,1), where I'(r, 1) is the discrete
subgroup of matrices with integer entries. Thus M(r,1) is a compact
nilmanifold of dimension 2r+1 (see [3]). As in the Example 4.1, we obtain
a global basis of 1-forms {«;, 3;,v} on M(r,1) such that

T =, B =0, Ty =7,

where 7 : H(r,1) — M(r,1) is the canonical projection. Thus we obtain
da; =0, df;=0, dy=-3) aiAfi.
i=1

If we denote by {X;,Y;, Z} the dual basis of vector fields, then we

have
[XMY;] - Z7

and all the other brackets are zero.
Alternatively, M (r,1) may be seen as the total space of a T"T1-bundle
over T". In fact, consider the representation

0: 7" — Diff(T" 1)

defined as follows: o(ny,...,n,) is the transformation of 7"+ covered by
the linear transformation of R™*! given by the matrix

10 0 0

0 1 0 0

0 0 1 0

ny Ng -+ Ny 1

Then p induces an action A of Z” on R™ x T"*! defined by

A((n1y . oyne), (21, s xe), [Y1, - - - Yry 2]))
=((x1+n1,..., 2+ 1), 001, ) Y1, - Yy 2]) -

Thus we obtain a T"T1-bundle p : R" x z- T"*! — T" with projection
p given by

pl(z1, . vz )y Y1y oy Yy 2]] = [21, -0 )

Now, it is clear that M (r, 1) may be canonically identified with R" X z»
T+ in such a way that p : M(r,1) — T", pla;,y, z;] = [x;], is a TT T
bundle.

Next, we shall describe three examples of stable invariant foliations
of almost contact metric structures on M (r,1) which are stable. However,

M (r,1) can have no almost cosymplectic structures, since M (r, 1) x ST can
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have no symplectic structures for r > 2 (see [3]). In the three cases, the
stability of the foliation follows because the leaves are the compact fibres
of a fibration.

Define a Riemannian metric on M (r, 1) by

r

(,)=) (i +8)+7",

i=1
and suppose r > 2.

4.3.1. We put

SOIZ(@@X@'—%@Y;)—51®Z+7®Y1, n=o, =X,
i—2

and F' to be the foliation globally spanned by {Xo, ..., X,,Y1,...,Y,., Z}.
Then F' is invariant and its leaves are the fibres of the projection
q: M(r,1) — S, q[zi,yi,2] = [r1]. Thus, they are 2r—dimensional tori
T2r,

4.3.2. Suppose r even, say 7 = 2s. Then we define

@zZ(ai@)Xgi—a2i®Xi+ﬁi®Y2i—ﬁzi®Yi), n=-y, §£=2,

=1

and F' to be the foliation globally spanned by {Y1,...,Y2s, Z}. Then F is
invariant and its leaves are the fibres of the projection p : M (2s,1) — T?%,
i.e., (2s + 1)-dimensional tori 725*1,

4.3.3. Suppose r odd, say r = 2s + 1. Then we define

@:Z(ai®X2i—a2i®Xi+ﬁi®Yzi —ﬁ2¢®Y¢)
i=1
"‘625—‘1-1 ® Z — Y X Y25—|—1 3
n=azst+1, §=Xost1,
and F' to be the foliation globally spanned by {Y7,...,Y2sy1,Z}. Then F

is invariant and its leaves are the fibres of the projection p : M(2s+1,1) —
T2+ e, (25 + 2)-dimensional tori 72572,
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