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1. Introduction

Superelliptic equations. Let f be a polynomial with integer coeffi-
cients and with at least two distinct zeros, and let w be a given non-zero
integer. SCHINZEL and TIJIDEMAN [19] proved that if the integers x, y, n
with |y| > 1 and n > 2 satisfy the equation

f(@) = wy", (1)

then n can be bounded above by an effectively computable number de-
pending only on f and w. Several upper bounds were later obtained for
n which depend on w and the height and degree of f; see [21], [4], [22],
[2], [5], [1], [17] and the references given there. Some of these results were
established in more general form, over number fields and/or assuming only
on w that its distinct prime factors are fixed.

For w = 1 and irreducible monic f, BRINDZA, EVERTSE and GYORY
[3] derived an explicit upper bound for n which depends only on the degree
and discriminant, D(f), of f. Recently HARISTOY [14] extended this to
arbitrary monic polynomials as well as to the number field case.

In our paper we show that, apart from certain exceptions which will
be described explicitly below, n can be estimated from above in (1) by
an effectively computable bound which depends only on deg f and the
product of distinct prime factors of w and D(f). We prove this in a more
general form, over number fields.

To formulate our results, we have to introduce some notation. Through-
out this paper, K denotes an algebraic number field of degree d with ring
of integers Ok and unit group Og. Let p1,...,ps (s > 0) be distinct prime
ideals of Ok and denote by S the set of those o € Ok \ {0} for which the

ideal («) has no prime ideal divisors other than pi,...,ps. Further, let
0= NK/Q(plps) if s >0,
1 if s =0.

Let f € Ok[X] denote in (1) a monic polynomial of degree m with
k > 2 distinct zeros and splitting field L over K, and suppose that Dy,
the discriminant of the square-free monic polynomial divisor of maximal
degree of f in Og[X] is contained in S. Consider the solutions of equation
(1)inz €Ok, y €Ok \ {0},we Sandn>2.
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For y € O, n can be arbitrarily large. Further, if
F(X) =u™f(u"H(X +a)) (2)

for some a € Ok, u € S, f' € Ok[X] and x + a = v = v" with some
v € S, then y = v™ yields a solution of (1), provided that f’(1) € S. In
this case Dy € S,y € S\ Ok if u € S\ Ok, and n can be again arbitrarily
large compared to m, k, @@ and the parameters of L. To exclude the above
situation, in the case y € S\ O we assume that f is reduced, that is that
(2) does not hold for any a, f’, v with v € §'\ Ok.

Theorem 1. Let x,y # 0,w,n be a solution of (1) with x € Ok,
y €Ok \Ok, we S, n>2 Ify¢ SorifyeS and f is reduced, then

n S ClQCZ, (3)

where c1, co are effectively computable positive numbers which depend
only on m, k,d and the discriminant Dy, of L.

We note that much better upper bounds come for n from our proof
if y has a prime ideal divisor of large norm or if y € S and f is reduced.
Further, in view of Dy € S we have

|DL| < c3Q, (4)

where c3, cq4 are effectively computable positive numbers depending only
on k,d and the discriminant Dk of K; for explicit values of c3 and ¢y,
see Remark 5 after the proof of Theorem 2. Hence, together with (4),
Theorem 1 provides also a bound for n which depends only on m, k, d,
Dk and Q. These bounds can be compared with Theorem 2.2 of [14],
where the bound depends also on Dy.

SHOREY, VAN DER POORTEN, TIJDEMAN and SCHINZEL [20] general-
ized the above-mentioned result of [19] on equation (1) for the equation

F(z,z) = wy", (5)

where F' € Z[X,Y] is a binary form with F'(1,0) # 0 and with at least
two distinct linear factors over Q, subject to the conditions that ged(z, 2)
is bounded and z, w are divisible by finitely many fixed primes only. In
the monic case, when F(1,0) = 1, this was extended in [21] to the number
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field case. An explicit version has been recently given by HARISTOY [14],
where the bound on n depends on the height of F'.

We give now a generalization of Theorem 1 for equation (5). Let
F(X,Z) denote a monic binary form of degree m with coefficients in Ok
such that F'(X,1) has k > 2 distinct zeros and that Dp, the discriminant of
the square-free polynomial divisor of maximal degree of F'(X, 1) in O [X]
is contained in S. Let L be the splitting field of F' over K, and Dy, the
discriminant of L. Consider the solutions of (5) in z € Ok, y € Ok \ {0},
z,w e S, n>2.

It suffices to deal with the case y ¢ Oy, since otherwise n can be
arbitrarily large. If F'(1,1) € S, then x = z = v", y = v is a solution of
(5) for every v € S and n, that is n cannot be bounded. Similarly, if

F(X,Z2)=F (X +aZ,uZ) (6)
with a € Ok, u € S, F' € Ok[X, Z] and F'(1,1) € S, then Dpr € S and
z=1,x4+a=u=v" y=v"is a solution of (5) for any v € S, and n
cannot be bounded above in terms of m, k, d, Dy, and @ only.

Excluding these two cases, n can be estimated from above as in The-
orem 1. We say that F is reduced if (6) does not hold for any a, F’ and u
with u € S\ Ox.

The following theorem contains Theorem 1 as a special case with the
choice z =1, u = 0.

Theorem 2. There exist effectively computable positive numbers cs,
c¢ and ¢y which depend only on m, k, d and Dy, such that if z,y # 0, z,
w, n is a solution of (5) withx € Ok, y € Ox \ Ok, z€ S, we S, n>2,
then
n < csQ% + perlog Q, (7)
where =0 if y ¢ S, and
ordp,((z,2)) <p fori=1,...,s (8)
ify € S\ Ok and F is reduced.

The dependence on Dy, in (7) can be eliminated again by means of (4).

Binomial Thue—Mahler equations. Consider now the equation

az" — by" = ¢, (9)
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where a, b are fixed non-zero elements of Ok, and z,y € Ok \ {0}, c € S,
n > 3 are unknowns. As is known, for n = 0,1,2,..., az™ + by™ can be
regarded as a special binary recurrence sequence. Several upper bounds
have been derived for n in (9) in terms of a,b and S; see [21], [26], [8] and
the references occurring there.

To prove our Theorem 2, we shall need the following extension in which
a and b are also unknowns, taken from S. Denote by h and R the class
number and regulator of K, respectively.

Theorem 3. Let a,b,c € S,z,y € Ok \ {0}, n > 3 be a solution of
(9), and suppose that at least one of x and y is not contained in Oy. There

exists an effectively computable positive constant cg which depends only
on d, h and R such that

n < esQ3 + vlogQ, (10)
where v =0 ifx ¢ S ory ¢ S, and
ordy, ((az™,by",c)) <v fori=1,...,s (11)
otherwise.

It is clear that in the case z,y € S the condition (11) is necessary.

We remark that in our proof much better upper bounds are obtained
in the following special cases: z,y € S (cf. (45), (52));  or y has a prime
ideal divisor of large norm (see (40)); ¢ € Ok (see Remark 4 after the proof
of Theorem 3). These better bounds enable one to improve the bounds of
Theorems 1 and 2 in the corresponding special cases.

In the particular case K = Q it follows from Theorem 3 that if a, b, z,
y, n are non-zero rational integers with |zy| > 1, n > 3 such that zy has a
prime factor which does not divide ab(az™ — by™), then Q(ax™ — by™), the
product of distinct prime factors of az™ — by™ satisfies

laz" — by"| > Q(az™ — by™) > (co/Q(ab))n/3, (12)

where Q(ab) denotes the product of distinct prime factors of ab, and ¢g is
an effectively computable absolute constant. Theorem 3 and (12) should
be compared with Theorem 2 of YU and HUNG [26] where the dependence
on n is better, but the lower bound obtained for Q(az™ — by™) depends
not only on Q(ab) but also on a and b themselves.
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Remark 1. We note that the above constants c¢; to cg can be easily
expressed in explicit form by using the explicit estimates in our proofs as
well as explicit versions of Lemmas 1 to 8.

Remark 2. In the proof of Theorem 3 we utilize among other things
some new estimates of MATVEEV [16] and YU [25] on linear forms in loga-
rithms of algebraic numbers and a recent bound of GYORY and YU [13] on
the solutions of S-unit equations. Theorem 2 will be deduced from Theo-
rem 3 with the help of a recent effective theorem of GYORY [12] concerning
monic binary forms having discriminants contained in S. We remark that
Theorems 1 and 2 can be proven, with other bounds, without the use of
Theorem 3 as well. This will be the subject of a forthcoming paper.

2. Auxiliary results

To prove our theorems we need some lemmas. For a non-zero alge-
braic number « of degree [ over Q, whose minimal polynomial over Z is

a Hi:l(X - ai)a

l
h(a) = % (log la| + Z log max(1, \aJ))
=1
denotes the absolute logarithmic height of «. For properties of this height,
see e.g. [23].

Let again K denote an algebraic number field, Ok its ring of integers
and Oy its unit group with the parameters d, h, R and Dk specified above.
Let r denote the unit rank of Ok, and set §q = 2/(log3d)? if d > 2 and
0qg =log2if d =1.

Lemma 1. Suppose that r > 1. There exists a fundamental system
€1,...,&- of units in K such that

h(g;) <cioR (1<i<r) and |5i(j)‘ > exp{—dcioR}

for each field conjugate ai(j) ofe;; 1 <i<r, 1<j<d, and

H h(ei) < enR,

=1
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M2 s\ d\'""
€10 = 251)(” (;) and c¢11 = cig <5d> .

PROOF. The first and third estimates are consequences of Lemma 1
of [7], the second one is an easy consequence of the first inequality. O

where

Lemma 2. For every a € Ok \ {0} there exists a unit ¢ € Ok such

that

log | V;

and ‘
|(2) | > | Nk jq(a) [V exp{—c12 R}

for each field conjugate (5a)(j) ofea, j=1,...,d, where
1y = Tr+15;(T_1)/2.

PROOF. The first inequality is a special case of Lemma 2 in [7], while
the second one is an immediate consequence of (15) in the proof of Lemma 2
of [6]. O

Lemma 3. If d > 2, then
Rh < 13| Dk |Y?(log |Dx|)*™! and R > 0.2052,
where c13 = 2d4/((2m)%2d)).

PRrROOF. For the first inequality, see [15]; the second one is proved

in [9]. O
Let aq, ..., a;, be non-zero elements of K, and let by, ..., b,, be ratio-
nal integers with B = max(|b1],. .., |bm|,3). Put

A= a1,
Lemma 4. Let
Ay > max{dhlag), [ 1og05},0.16) (1 <5 < ).
If A # 0 then
log |A| > —C1(m,d)log(meB)A1As - -+ Ap,

where
C1(m,d) = 3.15 - 30™ T (m + 1)5%d? log(ed).
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PROOF. As is known, if 0 < |A| < 1/3 then
|bp log(—1) + by log g + -+ + by, log auy| < 2[A|,

where by € Z with |by| < mB and log denotes the principal value of the
logarithm. Hence Lemma 4 is an immediate consequence of Corollary 2.3
of [16]. O

Remark 3. Set c14 = 3.22d/d,4. 1t is easy to check that in Lemma 4,
we can choose A; = 1 or A; = c14h(a ) according as «; is a root of unity
or not.

Denote by p a prime ideal of Ok lying above the prime number p,
and by e, the ramification index of p. For a € K*, write ord, a for the
exponent to which p divides the fractional ideal («) generated by « in K.

Lemma 5. If o« € K* then

PROOF. See YU [24], p. 124. O

The following lemma is a consequence of Theorem 3 in YU [25]. It is
a p-adic analogue of Lemma 4.

Lemma 6. Let again «q,...,q,, be non-zero elements of K, and
suppose that they are not roots of unity. If A # 0 then

ordy, A < Co(m,d,p)h(ai) - - - h(am)log B,

where
N,
Ca(m,d,p) = (16ed)2(m+1)m5/26pm2LQ(p) log(2md) log(2d).
log” Nk /q(p)
PrOOF. This is a consequence of Theorem 3 in [25]. O
As in Section 1, p1,...,ps will denote distinct prime ideals in Okg. In

what follows, we use the notation

p_ maxi<i<s NK/Q(pz) if s >0,
1 it s =0.
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Further, let

W = (log* NK/Q(pl)) -+« (log” NK/Q(pS)>7

if s >0and W =1 1if s =0. Here log" a is defined as max{loga, 1}.

The element o € K is called S-unit if ord,(«) = 0 for every prime
ideal p different from py,...,ps. Let O denote the group of S-units in K.
Clearly S = Og N Ok. Consider the S-unit equation

1+ z2+23=0 in z1,22,23 € Of. (13)
Put i
T = Hmax{hlogpi, c12R} and H = max{h, c1aR},
i=1
where p1, ..., ps denote the rational primes lying below p1, ..., ps, respec-
tively.

Lemma 7. For every solution x1, x2, x3 of (13) there are o € O§ and
pr € S such that
Lk = 0Pk, k=1,2,3
and
Jnax, h(pr) < cishR*(log® R)H*PT log T,
where c15 = (13d)3?"+5+7) " Further, if xj, € S for k = 1,2,3, then o can
be chosen from S.

PRrROOF. This is a consequence of Theorem 2 of [13]. O

For a polynomial F' with algebraic coefficients, we denote by h(F') the
maximum of the heights of the coefficients of F.

Lemma 8. Let F' € Ok|[X,Y] be a monic binary form of degree k > 3
with discriminant D(F') € S and splitting field L over K. Then there are
a monic F* € Og[X,Y] and a,u € Og with u € S such that

F(X,Y) = F*(X + aY,uY)

and
h(F*) < eygei, PP
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where | = [L : K] and ¢y, c17 are effectively computable positive numbers
which depend on d, k and the discriminant Dy, of L.

PrOOF. This is a special case of Corollary 2 in [12]. O

Finally, we shall need the concept of the S-norm. If a € K then
(a) can be written uniquely as a product of two ideals aj, ap where a; is
composed of p1,...,ps and ag is composed solely of prime ideals different
from p1,...,ps. Then the S-norm of « is defined as Ng(a) = Nk /q(a2).
It is clear that o € Ok is contained in S if and only if Ng(a) = 1.

3. Proofs of the theorems

We first prove Theorem 3.

PrRoOOF OF THEOREM 3. In our proof we shall use some ideas from
[26] and [8], where equation (9) is studied with fixed a,b. We keep the
notation of the preceding sections. If r + s = 0, then (10) follows imme-
diately with v = 0 from a classical theorem of ZSIGMONDY [27]. Thus we
may assume that r + s > 0. For s > 0, we can write

(@) =TTp:  ®) =]]p"
i=1 =1

where a;, b; are non-negative integers. Let h; denote the smallest positive
integer for which pihi is a principal ideal. Put a; = ¢;h; + d;, b; = e;h; + f;
with integers ¢;, d;, e;, fi > 0 such that

0<d;, fi<hi

fori=1,2,...,s. We infer that
S S
a =g H T b=e&f H e, (14)
i=1 i=1
where €., €, are units and 7;, a, 8 are integers in Ok such that

(m) =", (@) =%, (8) = []n".
1=1 i=1
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On applying Lemma 2 we deduce that in (14) o and 5 can be chosen so
that
min{|a}, |3V} > exp{—c12R} (15)

for each j with 1 < j < d. Further, we have

- log [Nk /q ()| log [Nk /q(B)]

h(a) < — +c12R and h(B) < 7 + c12R,
whence
max(h(a), h(B)) < (sh/d)log P + c12R = c16. (16)
Similarly, for s > 0, we can choose m; such that
|1 )| > exp{—c12R} for j=1,...,d (17)
. hilog Nic/q(#:)
h(mi) < ===+ ek, (18)
whence i i
[[7(r) < [J((hi/d)log N jq(pi) + c12R) = e (19)

=1 i=1

We recall that cio = 0 for »r = 0. If r > 1, fix a fundamental system
€1,...,& of units in K with the properties specified in Lemma 1. Then,
incorporating the roots of unity from the representation of g4, ¢, into «a,
B3, we can rewrite (9) as

T s r s
o[ [Tt =8 ey TI= ) = (20)
j=1 =1 j=1 =1
where we may assume that ¢;, w;, uj, v; are rational integers which satisfy
0 < wj,vj,t,w; <n (21)
for each j and 4, and where 2/, ¥’ denote non-zero integers in K such that
max(Ns(2'), Ns(y)) = max(Ns(x), Ns(y).
Hence, for simplicity, we may write in (20) z,y in place of 2/, . Set

R, = az" — by",
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where now
T

S T S
— uj 123 _ vj w;
afa”gj”ﬂi and b*ﬁllfj””z‘-
i=1 j=1 =1

7=1
It follows from (20) that ((x)", (y)") = (w) with some w € S. Put

h h
T =" Yo = —-
w w

@ , )

It is clear that x,,, 4, are integers in K. Denote by x5, ys’, 7 =1,...

their field conjugates. Let

d
Mw = H max(|x£f)|, |yu(uj)|)7

j=1

and .\
R

S, = =2

wn’

It is easy to see that S, € S. A straightforward calculation gives

sy (C(E) 2 1) 2 gt by "
n yw b y w a T *

We distinguish two cases. First suppose that

[Nk /q(Sn)| < MG

(22)

(23)

7d7

(24)

(25)

(26)

We note that this holds if e.g. s = 0 or s > 0 but ¢ € Og. We are going to
derive a lower bound for [Nk q(Sn)|- We may suppose that [y,| > |z,

Then we deduce from (25) that

[Snl = (min(|al, [b)))" (max(|z., [y.])"

T S n
% (0‘> Hgyj—vj Hﬂ.;i—wi <x> 1
s j=1 i=1 Yy

h

First we give a lower bound for min(|al, |b]). Combining (22) with (15),

(17) and Lemma 1, we deduce that

T S
lal = lo| [ ;" [ ] 1wl = exp{-n(r + s + 1)dco R}
j=1 i=1
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with ¢g = max{ci2,c10}, and the same lower bound follows for |b|. Here
co > 1/2if r > 1, and we put ¢g = 0 if » = 0. We infer that

min([al, [b]) > exp{—ncis},

where ¢15 = (r + s + 1)deoR. Put

Ay = <g> [T il;[lwfi—“’i (5) ~1. (27)

j=1
In view of (9) and (22) we have A1 # 0. We shall now apply Lemma 4 to de-
rive a lower bound for |A;|. We may assume that x/y is not a root of unity.
Otherwise (9) and (11) imply at once that n < v. Then, as was showed
in Yu and HUNG ([26], pp. 352-353), h(x/y) < log M,, holds. Further, we
may assume that n > (2e(r + s + 2))!°, and hence that log (2n) < 1.1n.
Then Lemma 4 yields

|A1| > exp{—ciglog M, logn},

where
Ccl9g = 2.201 (7" + s+ 2, d)(CllR)Cqu+2616617,

with the constants C1, ¢11, c14, c16 and c17 specified above. For r = 0, we
may write 1 for ¢11R. Repeating the above argument for every conjugate
of S, and taking the product of the inequalities so obtained, we get

|Nk/Q(Sn)| > exp{—nhdcis} M; exp{—dhcig log M, logn}. (28)
Putting co9 = exp{dcis} and comparing (26) and (28), we infer that
n(0.01 log M,, — hlog ceg) < dheyglog M, logn. (29)
We note that cog > 1 if 7 > 1, and ¢c9g = 1 if » = 0. Suppose that
max(Ng(z), Ns(y)) > 3. (30)
Using (23) and (24), it is not difficult to show that
(max(Ns(x), N ()" < max(|Nc/q(a) s [Nac/q(u)l) < Ma (31)
Hence (29) and (30) give

n < 200dhcig logn,
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whence
n < 400dh019 log (200dh619)

follows. This yields
n < ca1¢5,W (log P), (32)

where ca1 and cg2 depend only on d,h and R and can be easily evalu-
ated in explicit form from cjg9. This implies (10) with v = 0 under the
assumption (30).

It remains the case

[Nk /q(Sn)| > MG (33)

Then obviously s > 0 holds. We give an upper bound for [Nk, q(Sn)|-
Fix an index ¢ with 1 < i <'s. Since (zy,yw) = 1, we may assume that
ordy, (y,) = 0. We deduce from (25) and (27) that

ordy, (Sy) = hordy, (b) + hordy, (Ar). (34)
Lemma 5 and (22) yield
4
log Nk /q(pi)
where co3 = dcig/log Nk /q(pi). On applying Lemma 6, we now give an
upper bound for ordy,(A). Denote by m the number of roots of unity
in K. Then ¢(m) | d, and hence m < 20dloglogd (cf. [18]), where ¢(m)

denotes Euler’s function. We may assume that log (2mn) < 2n and that
ordy, Ay > m. Together with (22),(16), (19), Lemma 1 and Lemma 6 give

ordp, A < ordp, (( <g> H€j“j*”j Hﬂitﬁwi <:c> ) — 1)
j:1 1 Yy (36)

< co4log M, logn,

Ordpi<b) < hw; + h(ﬁ) < hn + ca3, (35)

where
c24 = 4(log 7d)Co(r + s + 2,d,p;)(c11 R)ci6c17

with the constants Cs, ¢11, c16, c17 specified above. For r = 0, we may write
again 1 in place of ¢11R. Thus (34), (35), (36) and ca4 > co3 imply that

ordy, (Sn) < h%n + 2heay log M, log n,
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whence we deduce that

log [Nk /q(Sn)| = ) ordy, (Sn) log Nic/q (pi) (37)
i=1

< nlogcos + coglog M, logn,

where c25 = Q" and cog = 2h(log Q)ca4. Then comparing (33) and (37),
we infer that

n(0.99 log M, — log c25) < c96 log M, log n. (38)

If now
max(Ns(z), Ns(y)) > Q0% (39)

then, by (31), log M, > 1.021og co5. Hence we deduce from (38) that
n < 400c¢96 log (200¢26).
Thus we proved that if (30) and (39) hold then
n < 400 max{dhcig log (200dhc19), ca6 1og(200c26) }-
We may assume that
log @ > 200(r + s + 1)dRcy,

since otherwise we obtain a better bound for n in terms of S. Then we
have Q19%h > 200 Using the fact that log @ < slog P, it follows that if
(39) holds then

n < corcss PW (log™ W), (40)

where ca7, cog depend only on d, h and R, and it is easy to evaluate them
in explicit form. By (39), we have z or y ¢ S, and (40) gives at once (10)
with v = 0.

In what follows, we consider the case

max(Ns(x), Ns(y)) < C, (41)

where

200

Cy = QY0 if 5 > 0,
50 if s = 0.
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We recall that cog = exp{(r + 1)d*coR} > 1 for s = 0. First assume that
x or y is not contained in S. Let qi,...,q; be the distinct prime ideal
divisors of xy which are different from pq,...,p,. If P, and Q4 denote the
greatest and the product of the norms of the prime ideals q1, ..., q:, then
(41) gives

P, < Q, < Ng(zy) < C52, (42)

Further it follows from explicit estimates of ROSSER and SCHOENFELD [18]

concerning primes that
log Qg

logy qu

t<3

where log; denotes the i-fold iterated logarithm; cf. e.g. [14]. It suffices to
deal with the case Q; > @ if s > 0 and Q, > 0580 if s = 0. Hence we infer
that

£ < {6.12h(10g Q/log,Q) for s > 0, (43)

1200(log c20/log(2001og c20))  for s = 0.

Similarly, s < 311)°gg2 % Denote by S’ the set of prime ideals pq,...,Pps

q1,---,q¢ Then (9) can be regarded as an S’-unit equation with
ax™, by",c € O% N Ok. Hence, by Lemma 7, it follows that

az" =op1, by =op2, c=op;s, (44)
where
UEO:;/QOK and pg EO;;QOK
such that
max h(pr) < caohR*(log® RYH?P'T'(log T"). (45)

Here co9 = (13d)3 +5++7) | P! = max{P, P,}, H = max{h, c;2R} and

s t
T = H max{h; log p;, c1aR} H max{hlogq;,c12R}, (46)
i=1 Jj=1
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where q1, ..., q denote the rational primes lying below qi, ..., qs, respec-
tively. But
max{h; log p;, c12R} < ((c12 + 5)hR)® [] (log" p;)
i=1 i=1
and (47)
t ¢
[T max{hlogq;,c1aR} < ((c12 + 5)hR)" T] (log* q;).
j=1 j=1

Further, for s > 0 it is easy to deduce from explicit estimates of [18] (see
e.g. [14]) that

H log* p; < QS(log d+2logs Q)/log, Q (48)
=1
and

t
H log *qj < Qq?)(log d+2logs Qq)/logs Qq

=t (49)

<

{QG.lQh(log d+2logy(3hlogQ))/ 108, Q  if ¢ = 0,

1200(log d+2 log, (400 1 1 .
o (log d-+21logy (400log c20))/loga c20 3¢ o _ )

By virtue of ¢ € S and ¢ = op3, we obtain that o € S. Thus q1---q; | zy
and (44) imply that (q1---q¢)™ | p1p2, whence

nlog Nx/q(d1---a¢) < log| Nk q(p1p2)| < d(h(p1) + h(p2)).  (50)
If s > 0, we may suppose that
log Q/(logs Q)*° > 13d%hRlog? (3h)(c12 + 5)
since otherwise we get a better bound for n. Now (42)—(50) give
n < 030Q3h, (51)

where c3p depends only on d,h and R, and, using (42)—(50), it can be
easily given in explicit form. Further, c3g can be chosen so that, for s > 0,
this bound in (51) is larger than that in (40). This proves (10) with v =0
for the case when z ¢ Sory ¢ S.

Consider now the case when, in (9), s > 0,2,y € S and (11) holds,
but say x, is not contained in Ok. Then, by Lemma 7, we obtain again
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(44) where now o € S, pr € S and (45) holds with cyg = (13d)3+s+7),
P’ =P and .
T = H max{h log p;, c1oR}.

i=1
(11) and (44) imply that

ordy,0 <v for i=1,...5,
whence, in view of x € S\ O, it follows that

nlog|Nk,q(7)| < log|Nk/q(op1)l
= log [Nk /q(0)| + log [Nk /q(p1)] (52)
<vlogQ + dh(py).
Together with (45), this implies (10) with an appropriate constant cg which

depends only on d, h and R and which can be given explicitly. This com-
pletes the proof of Theorem 3. O

Remark 4. If in particular ¢ € O (e.g. if s = 0), then in our proof
w, Sy, € Ok, hence (33) cannot hold. In this case our proof provides a
much better bound for n.

Theorem 2 will be deduced from Theorem 3 by means of Lemma 8.

PROOF OF THEOREM 2. Putting

F(X,Z)=(X —a12)" - (X — . Z)*

with distinct aq, . .., a contained in O, the ring of integers of L, we have
2
DF = H (Oéi — Oéj) .
1<i<j<k

Let x € Ok, y € Ok \ {0}, z,w € S and n > 3 be a solution of (5) with
y ¢ O. We can deduce from (5) in a standard way that

(z —az) = BdY, i=1,...,k (53)

where
; n

 ged(n,lem (ag,. . ., ay))
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and B;, b; are non-zero ideals in Oy, such that 9; is composed only of
prime ideals dividing p; - - - ps. Let M denote the Hilbert class field of L,
and Rn, hv and Dy its regulator, class number and discriminant, respec-
tively. Denote by Sy the set of those elements of Ong, the ring of integers
of M, whose all prime ideal divisors divide py - --ps. Then (53) implies
that

T — iz =B, i=1,2, (54)

where ; € Sm, i € Om \ {0}. Put [ = [L : K]. Since [M : L] is equal to
h1,, the class number of L, the number of prime ideals of Oy which divide
p1 - Pps is at most slhy,. But (54) gives

By — Bory = (ag — o)z, (55)

where, in view of Dp € S, (a2 — aq)z € Sm holds.

First consider the case when y ¢ S. Then for at least one i, say for
i = 1, b; has a prime ideal divisor in Oy which is relatively prime to
p1,...,Pps. Thus v1 ¢ Sm. On applying now our Theorem 3 to (55), we
deduce that

n' < cg QMM
whence
n < esilem(aq, . .., ap)Q2, (56)

where c31, c39 are effectively computable positive numbers depending only
onl, hr, [M : Q] = m, Rym and hy. But, by Lemma 3, Ry and A
can be bounded above by an explicit expression of m and Dy;. Further,
m = dlhy, and, as is known, Dy = D", Hence m, Ry and Ay can be
explicitly estimated from above in terms of d, [, Dy, and hy,. Finally, using
again Lemma 3, hy, can also be estimated from above in terms of d, [ and
Dy,. But | < k!, thus (56) yields (7) with the choice u = 0.

Consider now the case when y € S\ Og. Then, by assumption, F is
reduced. Hence Lemma 8 implies that there are a monic binary form F’
with coefficients in Ok and a € Ok, u € Oy such that

F(z,2) = F'(2',2) (57)

with
¥ =x+az =uz (58)
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and
h(F') < e3zc, PPWHL = Oy,

where cs3, c34 are effectively computable positive numbers which depend
only on d, k and Dy,. This implies that if 0/1, e a}c denote the zeros of
the polynomial F'(X’ 1) then

h(aj — o) < dCy +logk for each i and j. (59)
Further, in view of (58) and the assumption (8), we have
ordy, ((z/,2")) < p for each .

We should now consider the equation F’(z’, 2’) = wy™ in place of (5).
For simplicity, we write F, z, z and «; instead of F”, 2/, 2’ and /. Then
we obtain again (54) and (55). Further, v; € Sv for each i, and y € S\ O
implies that there is a 7;, say 1, which is not contained in Oy, the unit
group of Opn. Let B be any prime ideal divisor of p;---ps in Opng. Then,
by (59) we have

ordg (a1 — a2) log Nviyq(B) < log [Nayq(anr — a2
S dthh(Oq — 042)
< dth(dC4 + log k)

Further, it follows that
ordg (817}, By, (a2 — a1)2) = ordg(z — a1z, 7 — @z, (a2 — a1)2)
< ordg((a2 — a1)(2, 2)) < dlhy,(2dCy + 2logk + ).

We can now apply again Theorem 3 to (55), and we deduce as above
that there are effectively computable positive numbers c35, c36 and c37
depending only on d, k and Dy, such that

n' < e35Q% + pesrlog Q
holds, whence (7) follows. O

Remark 5. Tt follows from (21) in [10] and the proof of Corollary 5
in [11] that
‘DL‘ S (‘DK‘dek’—les(dk)Q)dl’ (60)
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where [ = [L : K] < k!. Further, as was seen above, s < 3:%5%  Thus (60)

log, @

implies (4) in Section 1.
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