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On the diophantine equation S,,(z) = g(y)

By CSABA RAKACZKI (Debrecen)

To the memory of Professor Béla Brindza

Abstract. In this paper we characterize those polynomials ¢g(y) with ratio-
nal coefficients and positive integers m for which 1™ 4+ 2™ + ... + 2™ = g(y) has
infinitely many integer solutions. As an application of this result we give an inef-
fective finiteness result concerning equation Sy,(z) = F((¥)), where F(y) € Q[y].

1. Introduction

In our paper we study the diophantine equation
Sm(z) = g¢(y) in positive integers x,y, (1)

where g(y) is a polynomial with rational coefficients, m is a positive integer
and
Sm(x) =14 2™ + ... 4 2™,

In 1956, SCHAFFER [18] established an ineffective finiteness theorem for the
number of solutions of (1) in the special case when g(y) = y". An effective
version of this result was proved by GYORY, TIJDEMAN and VOORHOEVE
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[11] who investigated SCHAFFER’s equation in the more general case when
the exponent n is also unknown. Later, several generalizations, extensions
and related results have been obtained see e.g. [6]-[9], [13], [16], [19]-[22]
and the references given there. Recently, JACOBSON, PINTER and WALSH
[12] and BENNETT, GYORY and PINTER [1] resolved Schéffer’s equation for
n =2, m even with m < 58, and for arbitrary n and m < 11, respectively.
For a survey of these results we refer to [10].

The main purpose of the present paper is to characterize those integers
m and polynomials g(y) € Q[y] for which (1) may have infinitely many in-
teger solutions x, y. Further, we give for each type of these pairs (m, g(y))
an equation of the form (1) which has infinitely many solutions (cf. The-
orem 1). In our Theorem 2 we give an application of Theorem 1, and we
characterize those positive integers m and polynomials F'(x) with integer
coefficients and with degree one or odd prime for which equation (2) has
only finitely many integer solutions. Our results are ineffective because the
proof is based upon an ineffective finiteness criterion of BiLu and TICHY
[4] on diophantine equations of the form f(z) = g(y). We mention that
it is complicated to apply the criterion of [4] to special equations. In our
proofs, we shall also need some results on Bernoulli polynomials (cf. [3])
and Dickson polynomials (cf. [2]).

2. New results

To present our results we define special pairs (m, g(z)). In what fol-
lows, let §(z) € Q[z] be a linear polynomial, and ¢(x) € Q[z] a non-zero
polynomial. As is known S,,(z) is a polynomial from Q[z] with degree
m + 1 (cf. (4) below). Further, for m odd, S,,(z) can be written in the
form tp, ((z + 1/2)?) with an appropriate polynomial 1, (z) € Q[z]. Now
define special pairs (m, g(x)) as follows:

e Special pair of type I: (m, Sp(q(x))), where g(x) is not constant.
e Special pair of type II: m is odd and g(x) = ¥, (6(z)q(z)?).

e Special pair of type III: m is odd and g(x) = ¥, (cd(x)!), where ¢ €
Q\ {0}, t > 3 is an odd integer.
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e Special pair of type IV: m is odd and g(z) = ¥ ((ad(z)? + b)q(z)?),
where a,b € Q\ {0}.

e Special pair of type V: m is odd and g(x) = ¥, (q(z)?).

e Special pair of type VI: m = 3 and g(z) = 6(z)q(z)?.

e Special pair of type VII: m = 3 and g(x) = ¢(z)%.

Theorem 1. Let m be a positive integer and g(x) € Q[z] be a poly-
nomial of degree greater than 2. Then equation (1) has only finitely many
integer solutions x, y, unless (m, g(x)) is a special pair. Further, for each
type of special pairs, the polynomials 6(x), q(x) and the numbers a, b, c,
t can be chosen so that for the corresponding g(x) and for every odd m,
equation (1) has infinitely many integer solutions x, y.

In 2002 BILU et al. [3] proved that the equation Sp,(z) = y(y — 1)
...(y — (n —1)) has, at most, finitely many solutions in rational integers
x,y for m > 1, n>2and (m,n) # (1,2). There proof is based upon the
decomposition of Bernoulli polynomials and Theorem A. In our second
theorem we extend their result and give a general finiteness statement for
equation (2).

Theorem 2. Let F(z) € Q[x] be a polynomial of degree p with p =1
or p > 3 prime. Then the equation

Sm(x) =F <<y>> in integers x > 1, y > n, (2)
n
where n > 2 if p = 1, has only finitely many solutions apart from the cases
when
« deg F(x) = 1 and (m,n) € {(1,4),(2,3), (3,4)},

) =
o F(x) = Sn(d(z)), where m = p — 1 and 6(x) € Q[z] is linear,
o F(x) =tm(d(x)) and n =1, 2 or 4, where §(x) € Q|x] is linear,
em =3, F(zr) = §(x)q(x)? and n = 1, 2 or 4, where §(x) € Q|x] is

linear.

In the proof of Theorem 2 we shall give in each exceptional case,
apart from the last one, a concrete equation which has infinitely many
integer solutions z, y. It possible that in the last exceptional case there
are equations with infinitely many integer solutions but we are not able to
find such an equation.
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3. Auxiliary results

To formulate Bilu and Tichy’s explicit finiteness criterion for diophan-
tine equations of the form f(x) = ¢(y), we have to define five kinds of
‘standard pairs’ of polynomials. Let a, b be non-zero rational numbers.

A standard pair of first kind is (zt, (ax"q(z)?)) or switched
((ax"q(z)t, xt)), where 0 < r < t, (r,t) =1 and r + deg q(x) > 0.

A standard pair of second kind is (22, (az® + b)q(x)?) (or switched).

Denote by Dg(x,a) the k-th Dickson polynomial which is defined by
the formula

Dy, a) = f - d Z_ ("’ - i)(—a)iznk_%. (3)

=1

,_
[T

A standard pair of third kind is (Dy(z, a'), Dy(z, a*)), where (k,t) = 1.

A standard pair of fourth kind is (a‘k/QDk(w, a),b="2Dy(z, b)), where
(k,t) = 2.

A standard pair of fifth kind is ((az® —1)3,32* — 423) (or switched).

The following theorem is the main result of BiLu and TICHY [4].

Theorem A. Let f(z), g(x) € Q[z] be nonconstant polynomials such
that the equation f(x) = g(y) has infinitely many solutions in rational
integers x, y. Then f(z) = ¢(fi(A\(z))) and g(x) = ¢(g1(u(x))), where
Ax), p(z) € Q[x] are linear polynomials, ¢(x) € Q[z], and (fi(x), g1(x))
is a standard pair.

Using this theorem, KULKARNI and SURY [14] has recently obtained a

finiteness result concerning equations of the form z(z+1)...(z+(n—1)) =
9(y), where g(y) € Q[y] is of degree > 2.

Theorem B (KULKARNI, SURY, [14]). Let g(z) be a polynomial of
degree n > 2 in Q[z], and let f(z) = z(z+ 1)(z +2)...(2 + (m — 1)) with
m > 3. If the equation

has infinitely many integer solutions x, z then the pair (m, g(x)) is one of
the following exceptional pairs:

« Exceptional pair A: (m,v¢(p(x))), where p(z) is a nonconstant poly-
nomial.
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« Exceptional pair B: m even, g(x) = ¢ (8(z)p(x)?), where p(x) can be
a constant polynomial.

« Exceptional pair C: m even, g(z) = ¢, (cd(z)") for some non-zero
constant ¢ and some odd integer r > 3.

« Exceptional pair D: m even, g(z) = ¢ ((ad(z)?* 4 b)p(x)?), where

a,beqQ.

e Exceptional pair E: m even, g(z) = ¢, (p(:c)Q)

« Exceptional pair F: m = 4, g(x) = bd(z)* + 3%, where b € Q\ {0},
where 0(x) is a linear polynomial, p(x) is a non-zero polynomial in Q[z]
and ¢, (z) = (:U — %) (x — %) (w — W), Y(x) = xz(z+ 1)(z + 2)
(x4 (m—1)).

A decomposition of a polynomial F'(z) € C[z] is defined as F(z) =
G1(Ga(x)), where G1(z), Ga(z) € C[z]. The decomposition is nontrivial
if deg G1(z), degGa(x) > 1. Two decompositions F(z) = G1(G2(x)) and
F(x) = Hy{(Hy(z)) are called equivalent if there exists a linear polynomial
t(x) € C[z] such that Gi(x) = Hi(t(x)) and Ha(z) = t(Ga(x)). The
polynomial F(z) is called decomposable if it has at least one nontrivial
decomposition, and indecomposable otherwise.

The following two results are due to BILU et al. [3]. The first is con-
cerned with the decomposition of the n-th Bernoulli polynomial. The n-th
Bernoulli polynomial By, (z) is defined by

te' /(e —1) =Y Bu(a)t"/n!.
n=0

Set B, = By(0).

Theorem C. The polynomial B, (x) is indecomposable for odd n. If
n = 2m is even, then any nontrivial decomposition of B, (x) is equivalent
to By(x) = Em((:c —1/2)?), where By (z) € Q[z] is an indecomposable
polynomial of degree m.

The next result, which is also proved in [3], is a technical lemma which
we will be needed in our proofs.

Lemma 1. Let ay, b1, ¢; € Q\ {0} and ag, by, co € Q. Then the
polynomial S,,(a1x + ag) is neither of the form byx? + by with ¢ > 3, nor
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of the form ¢y Dy (z, a) + ¢o, where Dy(z, a) is the k-th Dickson polynomial
with k >4 and a € Q\ {0}.

The following lemma is a simple consequence of Theorem C and the
well-known relation

Sm(x) = (Bmt1(x +1) = Bmy1)/(m +1). (4)

Lemma 2. The polynomial S,,(x) is indecomposable for even m. If
m = 2k — 1 is odd then any nontrivial decomposition of S,,(x) is equiva-

Sn(z) = Y ((w ;)) , )

where () = t(By(z)) with t(z) = (2 — Bpy1)/(m + 1) and with the
By (x) specified in Theorem C.

lent to

In the next two lemmas we show that the polynomials B,,(z) and
¥m(x) have at least one non-real zero if m > 6.

Lemma 3. For m > 6 the m-th Bernoulli polynomial By,(z) has a
non-real zero.

Lemma 4. If m > 6 is odd then both polynomials ], (x) and
Y (ax?® 4+ b) have at least one non-real zero, where a, b are rationals with

a # 0.

For P(z) € C[z], a complex number ¢ is said to be an extremum if
P(z) — ¢ has multiple roots. The P-type of ¢ is defined to be the tuple
(a1, g, ..., a) of the multiplicities of the distinct roots of P(x) —c¢. The-
orem D is concerning Dickson polynomials. For a proof see, for instance
[2, Proposition 3.3].

Theorem D. Fora # 0 and k > 3, Di(x,a) has exactly two extrema
+245. If k is odd, then both are of P-type (1,2,2,...,2). If k is even,

Y Y Y

then 2a3 is of P-type (1,1,2,...,2) and —2a? is of P-type (2,2, ...,2).

The next theorem is due to PING-ZHI [15].
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Theorem E. Let a #0, b # 0, c and n > 3 be integers. Then apart
from the case when n =4, ¢/a = —1/24 or 3/128, r = 2 and b/a is not a
square, all rational integer solutions x, y, r of the equation

(jj) by e (6)

with x, y > 1, r > 1 satisfy
max(|33|,y,r) < Cla

where C is an effectively computable constant depending only on a, b, ¢
and n.

The last lemmas, which are concerned with some properties of the
m-th Bernoulli polynomials By, (z), are due to BRILLHART [5].

Lemma 5. If m is odd then B,,(x) has no multiple roots. For even

m the only polynomial which can be a multiple factor of B,,(z) over Q is

22 — x — b, where b is a positive, odd integer.

Lemma 6. Let b be a real number. Then B, (x) has § + Y as a root

2
iff m is odd and b = 0.

4. Proofs

We start with the proofs of Lemma 3 and Lemma 4.

PROOF OF LEMMA 3. It is easy to check that the polynomial Bg(x)
has non-real zeros. Let m > 6 and assume that our statement is true for
this m. We show that the lemma is true for m + 1, too. Suppose that
Biy+1(z) has only real zeros. Then, by Lemma 5, all the zeros of

By 1(x) = (m + 1) B (2)
are real numbers, which is a contradiction. [l

PrRoOOF OF LEMMA 4. From

2
R <<az +3) ) ¢
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we deduce that
B 33—1—1 =S x—l = 2z91, (2?) (8)
" 2 m 2 m ’
By Lemma 3 we can see that B, (x + 1/2) has non-real zero, thus

Je,d € R: d # 0 such that ¢, ((c + di)?) = ¢}, (c* — d* + 2cdi) = 0. (9)

m

If ¢ = 0 then B,,(1/2 + di) = 0 by (8) and (9). But this contradicts
Lemma 6. So ¢ # 0 and we can write

—1
2

U () =A ] (@ - ay), (10)

J=1

3

where oy € C\R and A € Q\ {0}. It follows from now that

m—1
5
d);n(an—l—b) =A H (a:p2+b—aj) (11)
j=1
and x = /(a1 — b)/a is a non-real zero of ¢!, (ax® + b). O

4.1. Proof of Theorem 1.

PROOF. Let g(x) € Q[z] with degg(xz) > 2. Suppose that equation
(1) has infinitely many integer solutions z, y. Then by Theorem A, there
exist polynomials A(z), u(x), ¢(z), fi(x), g1(z) € Q[z] with deg\(x) =
deg pu(z) = 1 such that

Sm(x) = ¢(f1(A(2))), and  g(z) = (g1(u())), (12)

where (f1(z), g1(x)) is a standard pair. Since degS,,(z) = m+1 we obtain
from Lemma 2 and (12) that degp(z) =1 or (m+1)/2 or m + 1.

4.1.1. The case degp(x) =m + 1. If we assume that degp(z) =m + 1,
then we get from (12) that deg f1(z) = 1. Thus S, () = ¢(t(x)), where
t(z) € Q[z] is a linear polynomial. If

1t

t(x) = tyz + to then we set t_l(x) e
(3] t1
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We obtain S,,(t71(x)) = o(t(t1(x))) = p(x). Hence we have

9(x) = (g1 (1)) = St (g1(1(x)))) = Sm(q(2)),

where q(z) =t~ (g1(u(z))) € Q[x]. So, if degp(z) = m + 1, equation (1)
may have infinitely many integer solutions x, y only if g(x) is of the form
Sm(q(x)), where ¢(z) € Q[z]. Obviously, if ¢(y) € Z for infinitely many
integers y, then for these integers y, © = ¢q(y), y are integer solutions of (1).

4.1.2. The case degp(x) = 1. Let p(x) = p1x + ¢o, where @1, o € Q
and @1 # 0. We study now the five kinds of standard pairs.

First consider the case when, in (12), (fi(x),g1(x)) is a standard pair
of first kind. From (12) we get then that either

) Sm(A (@) = @1t + o,
or

ii) Sm(A7Hx)) = praxq(z)t + po, where 0 < r < t, (r,t) = 1 and

r +degg(xz) > 0.

In the first case, by Lemma 1 we obtain a contradiction if t = m + 1 > 3.
In the remaining case m = 1, a simple calculation gives from i) that
wo = —1/8 and

o(2) = 5Cerap(@a(p(@)?) - 5 = b1 (6@ (@)?)

where §(z) = 2¢1au(z) and q1(x) = ¢(u(z)). Hence we get that (m, g(x))
is special pair of type II with m = 1.

In the second case, g(u~'(z)) = p12t+po. Thus, if t = degg(x) >3
then » < 3 and the polynomial ¢(x) must be constant. Otherwise
Sm (A1 (z)) — o would have a zero with at least four multiplicities, which
is impossible by a result of BRILLHART [5] (see below where we study the
case of standard pair of fifth kind). But then

Sm(A M=) = 2"+ 9o with e Q)\{0}. (13)

From Lemma 1 we know that r can be only 2. Now, from the investigation
of the case i) we see again that ¢y = —1/8, whence

o) = pip(a)f - 5 = 2 Coip@)) — g =wi(ed@)),  (14)
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where t > 3 odd. That is (m, g(z)) is a special pair of type III.
Fort =3

Sm(z) = cpla)\(:v)rq()\(ac))?’ + ©o, (15)

where r = 1 or 2. If ¢(z) is a constant polynomial we get back (13), so we
can assume that ¢(x) is not a constant. Then from

By(z +1) = Sp,(2) = praA(z) " g(A\(@))* (rX (2)g(A(z))
+3M(2)q' (M@)X ()

we infer that B,,(z) has a multiple factor over the rational numbers,
namely ¢(A(z — 1)). Then Lemma 5 gives for us that m is even and
g(A(z — 1)) can be only 22 — x — b, where b is a positive, odd integer.
Comparing the degrees in (15) we can see that m can be only 6 while
r = 1. But in this case we have that Sg(z) — o has a root with three
multiplicities and so Bg(x) has a double root. However, the discriminant
of Bg(z) is 31/1815156 which is a contradiction.

Let now in (12) (fi(x), g1(x)) be a standard pair of second kind.

Then either

i) Sm(AH(2)) = pr12® + ¢
or

i) Sm(A™1(2)) = 1(az® + b)g(z)? + 0.
In the first case it is easy to see that m =1, 9 = —1/8. Hence

9 1

9(z) = p1(ap(z)® + b)a(u())* - 5

= 1 ((2p1ap(2)? + 2¢1b)q(u(2))?),

that is (m,g(x)) is a special pair IV with m = 1. In the second case
deg g(z) = 2. But this contradicts the conditions of our theorem.

Next let (fi(x),g1(x)) be a standard pair of third kind.
Now from (12) we know that

Sm(A () = ¢(f1(2)) = p1Dy(x, a") + 0. (16)

Since deg Dy.(x,a') = k and deg S;, (A~ (x)) = m+1, we get from Lemma 1
that (16) is not possible, provided that m > 3. In case m = 1 we can
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deduce from (16) that

1 at 1
y P1 82 and o AR

where u € Q\ {0}. Hence

9(x) = 1 Di(p(x), a®) + o

1 (Dy(p(x),a?) + 24"\ 1
2 4u? 8

It follows from Theorem D that the polynomial Dy(u(z),a?) has exactly
two extrema: +2a’. Since t is odd, —2a’ is of type (1,2,2,...,2). From
these we infer that Dy(u(x),a?) + 2a® = §1(z)q1(x)?, where 61(z), q1(z) €
Q[x] with degdy(z) = 1 and so (m, g(z)) is a special pair II with m = 1,
d(z) = 01(z)/4u® and ¢(z) = q1(x)/2u.

If m = 2 then k = 3, (t,3) = 1 and Sa(x) = 1 D3(\(z),a’) +pp. From
this last equality we can deduce that ¢y = 0 and

22 (22 + 1) (22 + 2) = 2401 Dy(u(y), a®). (17)

From Theorem B we can infer that if (17) has infinitely many integer
solutions then

2401 Dy (p(y), a®) = p(y) (p(y) + 1) (p(y) + 2),
where p(y) € Q[y].

However, it follows from (18) that ¢t = 3 deg p(y) which contradicts (¢,3) =1.
Finally, if m = 3, after some computations we obtain from (16) that
m =3, k=4, tis odd, po = 2p1a* and g(z) = ¢1(D(p(z),a*) + 2a*).
Using again Theorem D we get that (m, g(x) = 6(z)q(z)?) is a special pair
of type VL.
Assume now that (fi(x),g1(x)) is a standard pair of fourth kind.
In this case we have

S\ () = (fi(2)) = pra~% Dy(x,a) + o,

where k > 2 is even.

(18)

(19)

But, by Lemma 1, this is impossible in case m > 3. Since k is even we have
to study only the cases m = 1 and m = 3. After comparing the appropriate
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coefficients in (19) we get that, in case m = 1, po = 2¢1 — 1/8, while, in
case m = 3, @o9 = 2¢p1. Thus using again Theorem D, in the first case

g9(x) = @1b""2Dy(u(x),b) + o
= 01072 (Dy(u(), b) + 2b'/%) — é = ¢ (cq(z)?),

t/2

where ¢ = 2¢107%/“ and in the second case

g(x) = @167 2Dy (), b) + o
= 1072 (Dy(u(x), b) + 2b"2) = 167" 2q(x).

It is easy to see that in both cases the equation (1) may have infinitely
many solutions only if the rational numbers ¢ and ¢1b~*/? are squares. So
we obtained the special pairs of type V and VII.

Finally, let (fi(x),g1(x)) be a standard pair of fifth kind.

From (12) we deduce that one of the two cases holds:

i) Su(A@) = p(fi(2) = p1(aa? = 1) + o0,

i) Sn(A"(2)) = $(f1(2)) = 91324 — 42%) + 0.
In both cases we infer that the polynomial S,,(A~!(z)) — o has a zero with
at least three multiplicities. But the number of the roots as well as their
multiplicities of an algebraic equation remain unchanged if we replace z by
a linear polynomial, so it follows that the polynomial Sy, (z) — ¢o has also
a zero with at least three multiplicities. By virtue of deg Sy,(z) = m + 1
we get that, in case ), m = 5, while, in case i), m = 3. From Lemma 5 we
know that for n odd, the n-th Bernoulli polynomial By, (x) has no multiple
roots. Since

d i Bm+1(l' + 1)

%(Sm(x)_gp()) = dx m+ 1 :Bm(x+1)

we arrive at a contradiction in both cases.

4.1.3. The case degp(x) = (m + 1)/2. Obviously, in this case m is odd.
Now from (12) we infer that deg fi(x) = 2. Hence (fi(x), g1(z)) cannot be
a standard pair of fifth kind. Further, the polynomial S,,(z) has a nontriv-
ial decomposition. By Lemma 2 we know that any nontrivial decomposi-
tion of Sp,(z) is equivalent to the decomposition Sp,(z) = ¥ ((z+1/2)?),



On the diophantine equation Sy, (z) = g(y) 451

so there exists a linear polynomial u(z) = uyx + up such that

2
Pa) = tnule) and w(hOE@) = (245) . (20)

First consider the case when, in (12), (fi(x),g1(x)) is a standard pair
of first kind.

Assume that (f1(z), g1(z)) = (2, ax"p(x)?), where 0 < r < t, (r,t) =
and r 4+ degp(z) > 0. Since deg fi(x) = 2, we have (f1(z),g1(z ))
(22, azp(x)?). If A(x) = Az + Ao then from (20) we deduce that u(x) =
(1/X3)x and

0(0) = bl @) = (L) )

If we define the polynomials §(z) and q(x) by §(z) = au(x)/A\2, q(x) =
p(p(z)), then the pair (m, g(x)) is of special pair of type II.

We mention that we can choose a linear polynomial ¢(x) € Q[z] and
a polynomial ¢(z) € Q[z] such that (m,g(z)) is a special pair of type II
and equation (1) has infinitely many integer solutions z, y. Indeed, if §(y)
is the square of a rational number for infinitely many integer y and for
these integers y, \/d(y)q(y) — 1/2 € Z then = = /0 q —1/2, y are
solutions of (1). For example, if §(x) = z and ¢(x) = 2¢ + +z+1/2,
then for every integer k the integers x = (2k + 1)q((2k + 1)2) —1/2 and
y = (2k + 1)% are solutions of (1).

In the switched case (f1(x),g1(x)) = (az"p(z)!, xt), where 0 < 7 < ¢,
(r,t) = 1 and r + degp(z) > 0. In view of deg f1(z) = 2 there are two
possibilities:

i) r=0,t=1and degp(z) =2
or

i) r=2,t>2odd and degp(z) = 0.

If ) holds, we have g1(z) = x and thus

9(x) = Ym(u(g1(p(2)))) = Ym(u(p(x)))- (22)

Then the pair (m, g(z)) is a special pair of type II with §(z) = u(u(z)) and
q(z) = 1. In case ii) we get from (20) that fi(x) = bx? and u(z) = x/(bA}),
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where b € Q \ {0}. Thus

t
o(0) = bl ) = v (V00 ). (23)

It is easy to see that in this case the pair (m, g(x)) is a special pair of type
I with 6(z) = p(x), c = 1/(bA?) and t > 3 odd.

In the last case we can choose the linear polynomial (x) € Q[z], the
¢ € Q\{0} and the odd integer ¢t > 3 such that for infinitely many integer y,
cd(y)t is a rational square and /cd(y)t—1/2 € Z. Then z = /cd(y)t—1/2,
y are solutions of (1). For example, if we choose ¢ =1/4, t =29, d(x) = x,
then we obtain that x = —1/2 + (2k + 1)??/2, y = (2k + 1)? are solutions
of (1) for every integer k.

Next assume that in (12) (fi(x),g1(x)) is a standard pair of second
kind.

Now (f1(x),g1(x)) = (2%, (az? + b)p(x)?) or switched. If fi(z) =
(ax® +b)p(z)? then we have g;(z) = 22 and p(z) is a constant polynomial.
Hence

9(x) = Ym(u(g1(u(2)))) = Y (urp(x)* +uo) - (24)

This means that (m,g(z)) is a special pair of type IV with ¢(z) = 1.
When f(z) = 22, after some simple calculation it follows from (20) that
u(z) = x/(A\?). So

9(2) = (g (2(2))) = e (W(” + ) plpla) ) (25)

M
With the notation §(z) = pu(z) and q(z) = p(u(z))/A1 we get that

9(z) = Y ((ad(2)? + b)g(x)?).

This implies that the pair (m, g(x)) is a special pair of type IV. Similarly,
in case of special pairs of type II and III we can see that if (ad(y)?+b)q(y)*

is a rational square and \/ (ad(z)? + b)q(y)? — 1/2 € Z for infinitely many
integers y then (1) has infinitely many integer solutions z, y.

For example, consider the case when a = 8, b = —119, d(x) = 2z — 13
and ¢(z) € Q[z] is a polynomial for which ¢(x) — 1/2 € Z[z]. In this case
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(1) has infinitely many integer solutions, namely

v 2a20+19(y) — 1 Y= bow+1 + 26
2 ’ 4

where a,, and b,, are defined by (ag, by) = (3,8), (@w+1,bw+1) = (3aw+4by,
204, + 3by).

Let now (f1(x), g1(x)) be a standard pair of third kind.

In this case (f1(z), g91(z)) = (D2(z,a), Di(z,a?)) with odd t. Substi-
tuting the value of fi(x) = x? — 2a’ into (20) we obtain that u; = 1/)\?
and ug = 2a’/A}. Further,

forw=0,1,...,

(26)

x),a? at
9(x) = P (g1 (11(2)))) = Ym <Dt(u( ),a?) +2 )

A
From Theorem D we know that the polynomial D;(u(z),a?)/A? has ex-
actly two extrema: +2a’/A?. Since t is odd both extrema are of type
(1,2,2,...,2). From these we deduce that g(z) = 9, (d(z)q(x)?), where
d(z), q(x) € Q[z] with degd(x) = 1. Hence (m,g(x)) is a special pair of
type II.

Finally, let (fi(x),g1(x)) be a standard pair of fourth kind.

Then (fi(z),g1(z)) = (a~'Dy(z,a),b""2Dy(z,b)) with even ¢t. From
(20) it follows that u; = a/A}, ug = 2a/\} and

ab=t2Dy(u(x),b) + 2a
A2 '

9(x) = thm(u(g1(p(x)))) = ¥m ( (27)
Now, the extrema of the polynomial ab~*/2Dy(uu(x), b)/\? are +2bt/2ab="/?/
A2 = 42a/)?, and the extremum —2a/)\? is of type (2,2,...,2) by The-
orem D. Therefore g(x) = m(q(x)?) and (m,g(x)) is a special pair of
type V. It is easy to see that if in the last case ¢(x) — 1/2 € Z[z] then (1)
has infinitely many integer solutions, for example (z,y) = (¢(k) — 1/2, k),
where k € Z.

The proof of Theorem 1 is completed. O

4.2. Proof of Theorem 2.

PROOF. In case deg F'(xz) = 1 our equation (2) is of the form

Sp(z) = a<y> +b, (28)

n
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where a # 0, b are rational numbers. Assume that n > 2 and (28) has
infinitely many integer solutions x, y, then from Theorem 1 and Theorem B
we get that

(m, gfn(y) + b) is a special pair and
n

| (29)
<n, —(Sm(z) — b)> is an exceptioanl pair,
a

where fp(x) =z(x —1)...(x — (n —1)). If we compare the degrees of the
polynomials in each possible (special pair, exceptional pair) case, we get
Table 1, where C means a contradiction, p and ¢ denote the degrees of the
polynomials p(x) of Theorem B and ¢(x) of Theorem 1, respectively. The
row index and the column index indicate the corresponding special pair
(m, afn(y) + b) and exceptional pair (n, %’(Sm(:n) - b)), respectively.
For example, if (m, L fa(y) + b) is a special pair IT and
(n 28, (x) — b)) is an exceptional pair A, we get that

da

a n!
1Y) +b=n (6(x)a(x)?) and —(Sm(2) =) = d(p(z)).  (30)
Comparing the degrees we have
n = mT—H(Z degq(z)+1) and m+1=ndegp(z). (31)

It gives us that 2 = degp(z)(2degq(z) + 1), from which it follows that
degq(z) =0, degp(x) = 2 and m + 1 = 2n. In the case when
((m, & fu(y) + ), (n (s, (x) — b))) is a pair of (I, B) we obtain that

’a
m+1

n:T(2degq(x)—|—1) and m—|—1:g(2degp(1:)+1),

from which we get 4 = (2degq(z) +1)(2degp(x) + 1) which is impossible.

We now study those cases in which we do not get a contradiction
comparing the degrees. We see from the Table 1 and the definitions of
special pairs and exceptional pairs that in cases (I, A), (I, D) and (II, E)

ey d) =), (32)

Since every zeros of f] (cy + d) are reals, we get m < 6 by Lemma 4. We
infer from m+1 = 2n that (m,n) can be only (5, 3). However, if m = 5 and
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A B D E F
I/ p=gq=1 | p=0,q=2 p=0,¢g=1] p=qg=1 |m=1,
n=m+1 |n=2(m+1) n=m+1 n=m+1 n=4

I p=24= C p=149=0 | p=249=

m+1=2n m+1=2n m+1=2n

111 C C C C
IV|ip=1,4¢=0]| p=04¢=1 p=q=0 | p=14¢=0 |m=1,
n=m+1 |n=2(m+1) n=m+1 n=m+1 n=4
qg=1
V| p=q=1 | p=0,q=2 p=0,g=1] p=g=1 |m=1,
n=m+1 | n=2(m+1) n=m+1 n=m+1 n=4
q=2
VI C C C C C
VII | m=3,n=4| m=3,n=28 m=3,n=4|m=3,n=4 C
p=0

Table 1: Exceptional pairs

n = 3, (32) is not possible, because the polynomial 9% (y) has a rational
zero, while the polynomial f5(y) has only irrational zeros.

In the following six cases (IV,A), (IV,D), (IV,E), (V,A), (V,D),
(V,E) we can deduce that

(33)

ac
—nley+d) = W (uy? + v)2uy,

where ¢, d, u, v € Q and cu # 0. Hence, using again the above argument
and Lemma 4, we get that (m,n) can be only (3,4) and (5,6). If (m,n) =
(5,6) we have from (33) that

ac uy
afé(cy +d)

— @(4(%2 +v) — 1) (12(uy® +v) — 7).

(34)

If we substitute y = 0 into (34) we get that d = 5/2. Since (15 +
V105 + 24\ﬁ>/6 is a zero of f§(y), it is easy to compute from (34) that

105 + 247
36¢2
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But (35) is impossible because /7 is not rational. Hence (m,n) can not
be (5,6).
Investigating the cases (I, A), (I, D) and (I, E), we get that

a
ﬁfn(cy_'_d)'i_bzsm(y)' (36)
It follows from this that
ac ,, ,
—pfalely = 1) +d) = Sp(y = 1) = B (y). (37)

By Lemma 3, (37) holds only if m < 6. Thus in view of n = m + 1 the
pair (m,n) can be only (2,3), (3,4), (4,5) or (5,6). We know that 0, 1/2
and 1 are zeros of the polynomials Bs(y) and Bs(y). Further, it is easy to
check that there is only one rational zero of the polynomials f}(y), f§(y)
and fY(y). Hence from (37) we obtain that —c+d = d = —c/2+ d and so
¢ = 0, which is a contradiction. This implies that (m,n) can not be (3,4),
(4,5) or (5,6).

We now study the cases (I, B), (IV,B), (V,B), (VIL,B). It is easy to
see that

%!(Sm(;c) —b) = ¢p(cx + d). (38)

If we differentiate in (38) we get

Bp(z) =S, (z—1) = %¢;(C(m —1)+d). (39)

But from Lemma 3 we know that this is possible only if m < 6, because all
the zeros of ¢/, (x) are real. Using n = 2(m + 1) we find that (m,n) can be
only (1,4), (2,6), (3,8), (4,10) or (5,12). Since ¢5(x), ¢j5(x) and ¢fy(x)
have not any rational zero, but Bag41(1/2) = 0 for £ > 0, by (39), (m,n)
can not be (3,8), (4,10) or (5,12). In case m = 2 and n = 6, comparing
the zeros of the polynomials Ba(z) and ¢j(c(z — 1) + d) in (39), we get
that ¢ = +4/21/3. But in (39) c is rational thus (m,n) # (2, 6).

Now, in each of the remaining cases (m,n) = (1,4), (2,3), (3,4) we
give a concrete equation which has infinitely many integer solutions x, y.
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(m,n) | Equation Solutions

(2,3) | Sa(z) = %(Y) y=2z+2
w—1 _ bwt3
(3,4) | Ss(w) =24()) +1 | ¥ = *—, = 2+

Here, in the last row a, and b, are defined by (ag,by) = (21,15) and
(w+1,bw+1) = (Bay + 4by, 2a4, + 3by,) for w =0,1,. ...

Next, suppose that p = deg F'(z) > 3 is a prime, and that equation
(2) has infinitely many integer solutions z, y with > n, y > 1. Then the
equation

Sm(xz) = F(y) in positive integers x,y, (40)

has also infinitely many solutions. It follows from Theorem 1 that the pair
(m, F(z)) is a special pair. Since deg F'(z) = p > 3 is a prime we get from
the definition of special pairs that (m, F'(x)) can be special pair only if
me {1,3,p—1,2p— 1}.

If m = 1, then our equation takes the form

Sl(x):1+2+-~+m:<$—2|_1>:F<(z>>. (41)

Then it follows from Theorem 2 of our paper [17] that equation (41) may
have infinitely many integer solutions only if n = 1, 2 or 4. In each of these
cases we gave in [17] concrete examples for equations of the form (41) with
infinitely many integer solutions.

In case m = 3 we have F(x) = §(x)q(x)?, where 6(x), q(z) € Q[z]
with degd(z) = 1. In this case our equation is of the form

() (6

But by Theorem E, (42) has only finitely many integer solutions apart
from n =1, 2 and 4.

The case m = p — 1 occurs only if F(z) = S, (q(x)), where g(x) is
a linear polynomial with rational coefficients. Then we have to study the
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() E

Obviously, if ¢(z) € Z[z] then z = ¢ ((¥)), y > n are solutions of (43).

In the last case when m = 2p — 1, we have F(z) = 1, (6(x)), where
d(x) is a linear polynomial with rational coefficients. Now, from (2) we get
the equation

(1)) -2 () - ().

Of course, equation (44) has infinitely many integer solutions only if the

equation
45 <<i>> = (22 + 1) (45)

has also infinitely many solutions. But we know from Theorem E that
equation (45) may have infinitely many integer solutions x, y only if n = 1,

equation

2 or 4. It is easy to see that the equation
1 1
4 <2y + 4> = (22 +1)? (46)

has infinitely many positive integer solutions. If n = 2, the equation

4 (i (g) + 145> = (22 +1)? (47)

has infinitely many solutions in positive integers x, ¥, namely
~ bayy1 — 2 _Ggyt1 t+ 1
B 4 77 2
where a,, and b,, are defined by (ag,bp) = (3,8), (aw+1,bw+1) = (3ayw +
Abyy, 204, + 3by).
Finally, when n = 4 it is easy to check that for each integer y > 4,

y* -3y
T =

forw=0,1,...,

is a solution of the equation

in positive integers. (I
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