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On the greatest and least prime factors of n! + 1, II

By C. L. STEWART (Waterloo)
In memory of Béla Brindza

Abstract. Let € be a positive real number. We prove that for infinitely

many odd integers n the least prime factor of n! + 1 is at most ( 7”‘;5*1 +e)n

and that for infinitely many positive integers n the greatest prime factor of n!+1
exceeds (3 —e)n.

1. Introduction

In 1856, LIOUVILLE [6] proved that (p — 1)! + 1 is not a power of p for
any prime p larger than 5. More than a century later ERDOS and GRAHAM
[2] asked if the equation

(p—1! +aP~' =pF (1)

has only finitely many solutions in positive integers a, k, p with p an odd
prime. In 1991 BRINDzA and ERDOS [1] resolved the question by proving
that all solutions of (1) are smaller than an effectively computable number.
A few years later YU and L1u [10] and then LE [5] determined the complete
list of solutions.
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In 1976 we investigated with ERDOs [3] the arithmetical character of
integers of the form n! 4+ 1 where n is a positive integer. For any integer
m larger than 1 let P(m) denote the greatest prime factor of m and let
p(m) denote the least prime factor of m. By Wilson’s theorem p divides
(p—1)!' 4+ 1 whenever p is a prime. Since all prime factors of n! + 1 exceed
n we see that p(n! + 1) = n + 1 whenever n + 1 is a prime. We showed
with ERDOs [3] that if n + 1 is not a prime then

logn
'+1 1—0(1)————. 2
p(nl 1) > n+ (1= o(1)) B0 2
Further, for almost all integers n,
p(n! +1) > n+e(n)n?, 3)

where £(n) is any positive function that decreases to 0 as n — oo.

In [3] we indicated how to prove that for infinitely many integers n for
which n + 1 is not a prime p(n! + 1) is less than 2n. We observed, as a
direct consequence of Wilson’s theorem, that if p is a prime then

(p—1—i)il= (=1 (modp), 0<i<p-1. (4)

Thus if p | i!4+1 for some odd integer 7 (> 1) then, from (4), p | (p—i—1)!+1.
For any positive real numbers 6 and ¢t with ¢ > % we have

max (e, L ) z% (5)

t—0-1
and . 5
in(l, —— ) < -. 6
mm(’t—e—1>—t (6)
Note that pf;fl = p;11_1- and so on taking 6 = £ and t = % we see from

(5) and (6) that

and
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for 0 < i < p—1. As i tends to infinity so also do p and p —i. Thus for
each ¢ > 0,
p(n!+1) <(2+e)n, (7)

for infinitely many composite integers n 4+ 1. Further
P(n!'+1) > 2n, (8)

for infinitely many positive integers n. We indicated in [3] that 2+¢ in (7)
could be replaced by 2 — § for some positive number §. Our first result will
be of this character.

Theorem 1. Let € > 0. There are infinitely many odd integers n for

which
V145 — 1 )
Yt n.

- ©)

p(n!+1) < (

Observe that YH5=1 — 1.38019. ...

With ERDOs [3] we proved that (2) holds with P(n!+ 1) in place of
p(n!+ 1) for all positive integers n. Of course this only is an improvement
on (2) for those integers n for which n + 1 is a prime. Recently Luca and
SHPARLINSKI [7] sharpened this result by proving that

Pnl+1)>n+ (jl + 0(1)> log (10)

indeed they established (10) with P(n!+1) replaced by P(n!+ f(n)) where
f is any non-zero polynomial with integer coefficients. In 2002 MURTY and
WONG [8] showed that if the abc conjecture holds, then

P(n!'+1) > (1+o(1))nlogn.

In 1976 we improved on (8) with ERDOs [3] by proving that there is a
positive number ¢ such that

P(n!+1) > (24 d)n, (11)

for infinitely many integers n. LUCA and SHPARLINSKI [7] established (11)
with (24 &)n replaced by (5 +o0(1))n and showed that their result applies
with n! + f(n) in place of n! 4+ 1 where f is any non-zero polynomial with
integer coefficients. Our next result gives a further improvement on (11).
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For any set X we denote the cardinality of X by |X|. For any set A of

positive integers and any positive integer n we put A(n) = AN{1,...,n}.

The lower asymptotic density of A is lim inf @.

Theorem 2. Let € > 0. The set of positive integers n for which

11
P(n!+1) > (2 — 5) n (12)
has positive lower asymptotic density.

As we remarked in [3] estimates (2), (3), (7), (8) and (11) hold with
n! 4+ 1 replaced by n! — 1 and the same comment applies to the estimates
(9) and (12). Further, the same techniques used to prove Theorems 1
and 2 allow one to prove, for instance, that for each positive real number
¢ there exist infinitely many positive integers n for which P((2n)! 4+ 1) >
(17%@ — 8) 2n and there exist infinitely many positive integers n for

which P((n!+1)(n! —1)) > (11%\/@ —e)n.

2. Preliminary lemmas

Let p1,po,... denote the sequence of prime numbers and put dp =
pr+1 — pi for k=1,2,.... Our first lemma, due to HEATH-BROWN, gives
a bound on the frequency of large differences between consecutive prime
numbers.

Lemma 1. Let € be a positive real number. There is a positive num-
ber ¢, which depends on ¢, such that

Z di < cxist

PE<T
PROOF. This is Theorem 1 of [4]. O

Our next result gives a bound for the size of the greatest common
divisor of a collection of terms of the form k! + 1.

Lemma 2. Let n andt be positive integers witht > 2 and let i1, ...,
be distinct positive integers from a subinterval of [1,n] of length £. Then

4
ged(iy! +1,... il +1) < ni1. (13)
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Further, there exists a positive number ¢; such that if n exceeds ¢; and
t > 3 then

20
ged(ig!+1,.. .40+ 1) < e'n@-D?, (14)

Furthermore, let § and € be positive real numbers. There exists a positive
number co, which depends on € and §, such that if n exceeds co,

3<t<nis™?, (15)
and n
0> ——, (16)
(log n)’
then

ged(ig! +1,...,4!+1)

1 log (%) 21 1,log1
< exp ((1+s)z<°tgt+ Oggz)+ Ognr?:i(l,);g ogt)>>, (17)

We remark that it is possible to replace the term max(1,loglogt) on
the right hand side of inequality (17) by f(¢) where f is any real valued
function to the real numbers of size at least 1 for which tlg]élo f(t) = o0
provided that ¢y is modified to depend on f.

PROOF OF LEMMA 2. Let A be a positive integer and let (k1, ko) and
(K3, k4) be distinct pairs of integers with n > k1 > ko > 1 and n > kg >
k4 > 1 for which

Al k! +1, (18)

for i = 1,2,3,4. Suppose, without loss of generality, that
k1 — ko > ks — ky. (19)
(Note that {ki, ko, k3, k4} may only contain 3 elements.) Then, by (18),
Al k! — kipq!, fori=1,3,
and so

A ki (ki(ks = 1) -+ (ki +1) = 1), fori=1,3.
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But, by (18), gcd(A4, ki+1!) =1 for i = 1,3 hence

Alki- (ki1 +1) — 1, (20)
for i = 1, 3. Therefore

A‘k1~--(k2+1)—/{33---(1€4+1).
Since

(k1 — k2)! (k1 ks
Fyoo (ko +1) —ka- - (ka+1) = (kg — k) [ o220 _
1 (ko +1) — k3o (ks +1) = (k3 — ka) ((kg—k4)! Ky k) )
ged(A, (ks — kg)!) = 1 and ky — ko > ks — kg, we find that

Al (kg = ko))" (k1o (ko +1) — k- (ks + 1)) (21)
Notice that
ey (ko +1) — kg (kg + 1) < nfrF2, (22)
Thus, provided that
ki-oo (k2 4+1) # kg (ko + 1), (23)
we deduce from (21), (22) and the fact that m! > (%)m, when m is a

positive integer, that

ne ks =k
A < ntki—ka)~(ks—ka) <k3 i k4> , (24)

Since g(z) = (2£)” attains its maximum value at z = n we see that, when
(23) holds,
A < plki=kz2)=(ks=ka) g (25)
We now put
A=ged(is! +1,...,4!+1).

We shall prove (13) first. Put
po=min{iq — i | iq > ip, a,b € {1,...,t}}

and let ki, ko be elements of {iy,...,4;} with k; — ky = p. Since p < ﬁ
we see from (20) with ¢ = 1 that

4
k1 —k =D
A<nTR < nt-D

as required.
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We shall prove (14) next. There are () pairs of integers (i,4’) with
i > i/ which can be chosen from {i1,...,i;}. Associated to each such pair
is the difference i — ¢’ and 0 < ¢ — ¢’ < ¢. Therefore there are two such
pairs, (ki,ks) and (ks, ky4) say, for which

o
() -1)

Thus, provided that (23) holds, by (25) and (26),

0< (ky — ko) — (ks — ky) < (26)

L

A< n((é)_l) e,

(t=1)?
2 )

hence, since ¢t > 3 and (;) —-1>
20
A < e'n-12,

It remains only to ensure that (23) holds. We may assume that A
exceeds e™ since otherwise the result is immediate. Note that if k&1 = ks
then, since the pairs (ki, k2) and (ks, k4) are distinct, ko # k4 and so (23)
holds. Thus we may assume that k; > k3; a similar argument applies if
ks < k1. Further, we may assume, after renumbering ko, k3, k4 if necessary,
that ko > k3 > k4. Since, as in (20), A divides ky--- (ko + 1) — 1 we see
that A < nF1=%2 But A exceeds e” and so

ki1 — ko >

logn’

By a version of the prime number theorem with an explicit error term, for n
sufficiently large there is a prime p between k1 and ks. As a consequence p
divides ki --- (k2 + 1) and not k3 --- (ks + 1) and so (23) holds and (14)
follows.

Finally, we shall prove (17). Let c3,c4,... denote positive numbers
which are effectively computable in terms of € and §. Without loss of
generality we may suppose that

n>1 >0 > >0 > 1.
Note that we may also suppose that

t—1> (logn)s, (27)
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since otherwise, by (16),

20logn
(t—1)

and therefore, by (14),

A < exp <(1 +E)2é(k)g1)n2)> ,

> 2((log n)% > 2n(log n)i

for n larger than c3, whence (17) holds.

We consider the consecutive integers ij41+1,...,7; for j = 1,...,t—1.
Notice that A divides i;!+1 and ¢;41!+1 hence A divides i; - - - (¢j41+1)—1.
Therefore A is at most n® %+, If for some 7, with 1 < j <t — 1,

. . < n
bj = 1j41 < ——3,
T t(log n)%
then
A <exp Ll ,
t(logn)2
and, by (16), (17) holds. Thus we may suppose that
. . > n
1 — i1 > ————,
7 t(log n)%
for j =1,...,t—1. Let m denote the number of the intervals [i;1+1, i;] for
7 =1,...,t—1 which do not contain a prime number. Let p1,p2,... denote

the sequence of prime numbers and put dy = pr11 — px for k = 1,2,....

Then )
(o)

3
pr<n t(log TL) 2

But, by Lemma 1, ,
Z dz < n%Jr%,

pPr<n

for n > c¢4. In particular
t2(logn)3

13_96

nis~ 2
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and by (15), since t < n,
_s 3 1-8
m <tn 2(logn)’ <t 3, (28)

for n > cs.
Put
t1:t—1—m, (29)

and order the differences i; — ;41 with 1 < j <t — 1 for which there is a
prime in the interval [i; 41 + 1,4;] according to size. Let us denote these
differences by 71, ..., so that

Y1 <72 < <y (30)

Observe that
Y14y <ip—i <AL (31)

For any real number z let [z] denote the largest integer of size at most z.
Put

to = tl/(loglogtl)% . (32)

Then, by (30) and (31),
Yto (tl — tg) S E
Thus, by (27), (28), (29), (30) and (32), for n > cg,

< (1 n g) f (33)

for h=1,...,t.
Next note that

(Ve = Veo—1) + (Va1 = Yto—2) + -+ (71— 0) = 1,
(Vta—1 = Vt—2) + -+ (11 = 0) = V1,1

(m—0)=m
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hence

(Vta = Via—1) + 2(Vep—1 — Ytp—2) + - Ft2y1 =Y + 0+ 71 (34)
Put
0= min(v@ — Vto—1y---572 — 71771)'
Then, by (31) and (34),
t2(t2 =+ 1)
2
Therefore, by (27), (28), (29) and (32), for n > ¢7,
201oglogt
12 )
We have v1 = 4, — i,41 for an integer r with 1 <r <t¢ — 1. Then
Alipe (ippr +1) = 1.

<.

0 <(1+e) (35)

If 8 = 1, we see that
A<n’,

and by (35) our result follows.

Thus we may suppose that § = v, — vs_1 for some integer s from
{2,...,t2}. In particular,

0 = (ia — dat1) — (ib — ip41)

with a and b distinct integers from {1,...,¢t — 1}. Put k1 = ig, k2 = iq41,
ks = ip and kg4 = ip41. By construction there is a prime among the integers
ko +1,...,k; and another prime among the integers k4 + 1,..., k3. Thus
the larger of the two primes divides one of k1 - -+ (ko +1) and ks - -+ (ks +1)
and not the other whence (23) holds. Note also that (2£)” is an increasing

function of x for x positive and less than n. Therefore, by (24), (27), (33)
and (35), we find that

sl ey e
(+al)

1+¢
hence that
2lognloglogt logt log (qisy
A < exp <(1+5)€< Og";g o8t | Otg + ((t”e”))) (36)

for n > cg, as required. O
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For any prime p let ¢(p) denote the number of positive integers k for
which p | k! + 1. In [9, Theorem 7.5] we noted that

t(p) < (m + 1)2(m +2) where m = (3p)%. (37)

To see this observe that if n and s are positive integers and p divides both
n!+1and (n+s)! + 1 then p divides (n+s)!—n! hence (n+s)--- (n+1) =1
(mod p). In particular, n is a solution of the polynomial congruence (z+s)

-+(x+1) =1 (mod p), and by Lagrange’s theorem the number of such
solutions is at most s. Let I be an interval of length ¢ (> 1) and let
ny < ng < --- < ny denote all the solutions of z! +1 = 0 (mod p) in I.
Plainly

N

-1
(niy1 — i) <4, (38)
1

i
and by our earlier observation at most s of the terms in brackets in the
above sum are equal to s. Therefore

?r'

-1

(nit1 —ny) > Z s (39)

1

-
Il

where u is defined by the inequalities

u+1

Zs<k—1<z

s=1
Thus k is at most % and by (38) and (39)

EZU(U+1)6(2U+1)>1§). (40)

Since all integers n for which p | n! 4+ 1 lie in the interval [1,p — 1], (37)
follows from (40) with ¢ = p. Further, from (40) we obtain Lemma 3 below,
a result which is the special case of Lemma 2 of LUCA and SHPARLINSKI
[7] with f(x) equal to 1.

Lemma 3. There exists a positive number ¢ such that if p is a prime
number and I is an interval of the positive real numbers of length ¢ with
¢ > 1 then the number of integers k in I for which p divides k! + 1 is at
most cl3.
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For any non-zero integer m and any prime p we denote by ord, m the
exponent of the largest power of p which divides m. As usual |m|, is the
p-adic absolute value of m normalized so that

|m‘p — p—ordpm.

Lemma 4. There exists a positive number ¢; such that if p is a prime
number, n a positive integer and I a subinterval of [1,n] of length ¢ > 2
then

2
(log p) ord,, <H(z' + 1)) < gﬁlogélogn + cillogn +nlogn.  (41)
el

Further, for each pair of positive real numbers € and €1 there exist positive
numbers ¢y and cg such that if £ exceeds e1n and n exceeds cg then

(log p) ord,, (H(z' + 1)) <(1+ 5)36(10g 0)? + conlogn. (42)
iel

ProOF. Let i1,...,14, be the integers ¢ in I for which p divides 3! + 1.
By Lemma 3 there is a positive number ¢ such that

u < els. (43)
Put hy = ordy(i! + 1) for t =1,...,u. We may suppose that
hi > > hy.
Then, by (13) of Lemma 2,
pht < T, (44)

for t = 2,...,u. In particular by (43) and (44),

cl3
1
(logp)(ha + -+ + hy) <€logn<1—|—/ tldt)
5 _
2
< gﬁlogélogn + c4llogn, (45)

where ¢4 is a positive number. Since

hilogp < nlogn (46)
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and
ord, <H(i! + 1)) =h1+- -+ hy, (47)
el

(41) follows from (45) and (46).
Let c5,cg, ... denote positive numbers which depend on € and ¢; and
suppose that ¢ exceeds e1n. Then by (43),

2 13 1
u < cn3 <nis 36,

for n > ¢5. Thus for n > ¢, (15) of Lemma 2 holds with § = % and, since
¢ > e1n, (16) of Lemma 2 also holds. Therefore by (17) of Lemma 2, for
n > cy,

logt log (%) 2logn- 1,loglogt
(logp)ht<(1+e)€<of n (1) ogn - max(1,log og)) (48)

t (t—1)2

for t = 3,...,u. Since the expression on the right hand side of (48) is a
decreasing function of ¢ for t > e, we see that

(logp)(ha + -+ + hu)

2
<(1 Jret)ﬂ/ogg lotgt + log (7) , 2lognmax(1,loglog)
3

i—1) dt
and so
(logp)(ha+ -+ hy) < (1 +¢) gﬁ(log€)2 + cgnlogn. (49)
Since
(h1 + ha + h3)logp < 3nlogn, (50)
(42) now follows from (47), (49) and (50). O

Lemma 5. Let € be a positive real number. There exists a positive
number ¢, which depends on ¢, such that if p is a prime number, n an
integer with n > 2 and I a subinterval of [1,n] of length ¢ then

(log p) ord, (H(z‘ + 1)) < %E(log n)? +en(logn)? + cnlogn.  (51)
el
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PROOF. Let ci1,cs,... denote positive numbers which depend on &.
By (42) of Lemma 4, if £ exceeds en and n exceeds ¢y,

2 2
(logp) ord, (H(z' + 1)) < §€(log n)? + gsn(log n)? + cynlogn. (52)
iel

On the other hand if 2 < ¢ < en then by (41) of Lemma 4,

2
(log p) ord, (H(z' + 1)) < gen(log n)? + c3nlogn; (53)
il

plainly (53) holds if ¢ < 2. Therefore from (52) and (53), we obtain (51)
with ¢4 in place of ¢ for n > ¢, hence (51) holds for n > 2 and our result
follows. 0

3. Proof of Theorem 1

Let § be a positive real number with § < ﬁ. Put & = 109,

V145 -1
A= — 5, (54)
and \; = A+ ¢’. Note that \ < % Let ¢y, co,... denote positive numbers
which depend on 4. We may suppose that there exist only finitely many

odd positive integers n for which
p(n!+1) < A\in,

since otherwise the theorem holds. Thus there exists a positive integer c;
such that for each odd integer n with n > ¢y,

p(n!+1) > Ain. (55)

We shall show that this leads to a contradiction and the theorem then
follows.
Since (55) holds, we also have

P(n!+1) < n, (56)

A—1
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for all odd integers n with n > cy. To see this, observe that if ¢ = P(n!+1)
with n > 1 and

n, (57)
then ¢ is odd and, by (4),

But then

We have ¢ > A and, by (57),

1 1 qA

< .
N

But % < A1 for n > c3 since ¢ > n. Thus
p((g—n—1"+1) < Ai(g—n—1).

Furthermore, ¢ —n — 1 > ¢; for n > ¢4 by (57) and this contradicts (55).
Therefore (56) holds.

The proof now proceeds by a comparison of estimates for

N

Z= J] @+,

n=1
n odd, n>ca

Put R={n €Z|n odd, ca <n < N}. Observe that if p | n! + 1 with n
in R then, by (55), p > Ain and, by (56), p < ﬁn In particular,

A—1 cn< 1
—_— n —9D.
PN bV

I, = ()\;:lp,min <N, )\11]9)) .

Since n! > (%)n,

Put

Z > exp (Z(nlogn - n))

neR
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SO
2

N

provided that N exceeds cs.
On the other hand

z=111z" <11

1

H (n!+1)

p

n€lpNR
Put
A(p) = (log p) ord,, < II i+ 1)).
nelp,NR
Then

Z < exp < > A(p)>.

A
p< A71N

Thus by (51) of Lemma 5, with ¢ = 0,

logZ< logN Z L(p
p<—N

+ (6N (log N)? + cgN log N)m <AA_1N> , (59)

where £(p), the length of I, is given by

1 A—1

- - <
l(p) = <)\1 3 )p when p < \{N

and by

-1
E(p):N—<)\)\ )p when p > A\ N.

By (54), (59) and the prime number theorem,

logZ< (log N)? Z {(p) + 40N%log N + c7N2. (60)
p<5 N
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Further

1 A—1 A—1

L(p) = _—— N———
2. 0= 2 (-5 ) X (v

p<s2g N p<AN MN<p<2:N
1 A—1
S I 2TS (D VIR EE i) DY)
p<AN MN<p<25N p<2 N

Thus by the prime number theorem and Abel summation, for N > cg,

2. =0 <A21 i <AA1 - Al) B 2(>\)\ 1)> 102;73\7

A
p<343N

A A\ N?

1oy (2 A) 2

<+ >(2(>\—1) 2>1ogN’

and so by (60), and the fact that A; exceeds A,

1+6) [ A
( Jgr )<_A> N?log N + 46N?log N + czN?.  (61)

log Z
0g 4 < 11

Comparing (58) and (61) we find that for N > ¢o,

1-6  (146) A2-\)
1 9 (A—1) log N

By (54) we obtain a contradiction for N sufficiently large and the result
now follows.

4. Proof of Theorem 2

We may suppose that 0 < & < . Put vy = 171 — 18¢ and let B(7) be
the set of positive integers for which

P(n!+1) > vn. (62)

We shall show that for n sufficiently large the set B(y) N {1,...,n} has
cardinality at least §n and hence the result follows. Accordingly suppose
that N is a positive integer for which

IB(y)N{l,...,N}| < gN. (63)
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Let c¢1, co, ... denote positive numbers which depend on . Our proof
proceeds by a comparison of estimates for

N

Z = [_[1 (n!+1).

ngB(7)
Since n! > ( )n

N
Z > exp <Z nlogn —n) — |B(y) N {1,...,N}|N10gN>

whence, by (63),
N?log N

logZ > (1—¢) 5

(64)
provided that N > c;.

Notice that if p | n! +1 and n ¢ B(y) then n < p < ~yn hence
%p <n<p. Put

1
I, = (p,min{N,p}) ,
i
and

A(p) = (log p) ord,, ( I+ 1)).

nelp

Then

Z < exp< > A(p)).

p<yYN

Thus, by (51) of Lemma 5 with g in place of ¢,

10gZ< (log N)* >~ £(p ( (log N)? +02NlogN) m(yN), (65)
p<yN

where £(p), the length of I, is given by

= (1-2)p wmpe
v

and )
K(p):N—;p for p > N.
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Since v < 4 it follows from (65) and the prime number theorem that

2
log Z < (log N)? >~ £(p) +eN?log N + csN*. (66)
p<yYN

Further

TR Y (R O o

p<yN p<N N<p<yN K
1
Y ¥ N2 Y
p<N N<p<yN v p<yYN

Thus, by the prime number theorem and Abel summation, for N > ¢4,

N? (y=1N> ~ N?
2log N log N 2 log N

> tp) < (1+e)

p<yYN

and so by (66),

(1+¢)
9
Comparing (64) and (67) we find that for N > ¢z,

(1-¢)
2

log Z < (y —1)N%log N 4+ eN%log N + ¢3N2. (67)

(vy—1) c3
9 Tt TN

<(l+¢)

But v < % and so for N sufficiently large we obtain a contradiction. Thus
(63) does not hold for N sufficiently large and the result now follows.
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