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The Lebesgue function for Lagrange interpolation
on the augmented Chebyshev nodes

By SIMON J. SMITH (Bendigo)

Abstract. Given f € C[—1,1] and n points (nodes) in [—1,1], the well-
known Lagrange interpolation polynomial is the polynomial of minimum degree
which agrees with f at each of the nodes. Properties of the Lebesgue function
and Lebesgue constant associated with Lagrange interpolation on the Chebyshev
nodes (the zeros of the nth Chebyshev polynomial of the first kind) have been
studied by several authors. In this paper a study is made of Lagrange interpolation
on the Chebyshev nodes augmented with —1 and 1. It is shown that, although
the convergence properties of interpolation polynomials based on the Chebyshev
and augmented Chebyshev nodes are similar, there are considerable differences
in the behaviour of the Lebesgue function. In particular, the local maxima of the
Lebesgue function for the augmented nodes are strictly increasing from the outside
towards the middle of [—1, 1], whereas they are decreasing for the unaugmented
nodes, and the Lebesgue constant for the augmented nodes is essentially double
that for the unaugmented nodes.

1. Introduction

Suppose f is a continuous real-valued function defined on the interval
[—1,1], and let

X={zpn:k=12,...,n;, n=1,2,3,...}
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be an infinite triangular matrix such that, for all n,
12>z >200>...>0p, > —1.

The well-known Lagrange interpolation polynomial of f is the polynomial
L,(X, f)(z) = Lo(X, f,x) of degree at most n — 1 which satisfies

Ln(Xafaxk,n) :f(xk,n)a 1<k <n.

It can be expressed as

3

Ln(Xv f,.’L‘) = f(xk,n)gk,n(va)v
k=1

where the fundamental polynomials ¢ ,,(X, z) are the unique polynomials
of degree at most n — 1 which satisfy

ek,n(Xv xj,n) = 5]6,]'7 1 < k7] < n,

where Jj, ; denotes the Kronecker delta.
Central to the study of the convergence properties of Lagrange inter-
polation polynomials is the behaviour of the Lebesgue functions

)\n(X’ -T) = Z |€k,n(X’ .T)| (1)
k=1

and the Lebesgue constants

Ap(X) = max A\, (X, x)

—1<z<1
(see RIvLIN [6]). For example ([6, Section 4.1]), if the modulus of conti-
nuity w(d; f) of f is defined by
w(8; f) = max{|f(s) = f()] : =1 <5, t <1, [s —#[ < 6},
the polynomials L, (X, f,z) converge uniformly to f as n — oo if

lim A, (X)w(1/n; f) =0. (2)

n—~o0o

As shown by LUTTMANN and RIVLIN [5], for n > 3 the Lebesgue
function A\, (X, z) is a piecewise polynomial that satisfies A\, (X,z) > 1,
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with equality if and only if x = x, (k =1,2,...,n). Between each pair of
consecutive nodes, A, (X, z) is a polynomial with a single maximum, while
in (21, 00) it is a strictly increasing, convex polynomial, and in (—oo, 5, )
it is a strictly decreasing, convex polynomial. Further, if the nodes are
symmetrically arranged about 0 (i.e. zy, = —Zp_gt1, for 1 < k < n),
then A\, (X, z) = N\ (X, —2), x € [-1,1].

Properties of A\, (X, x) have been studied extensively for some partic-
ular choices of X. One such choice is the matrix of Chebyshev nodes

2k —1
T:{xkn:cos< ﬂ):k:1,2,...,n;n:1,2,3,...},
' 2n

where, for fixed n, the x, ,, are the zeros of the nth Chebyshev polynomial
of the first kind, T}, (z) = cos(narccosz), —1 < x < 1. A reason for the
focus on the Chebyshev nodes is that whereas A, (X)> (2/7)logn+1/2
for any X, it is known that A, (T) < (2/m)logn + 1 (see RIVLIN [7, Sec-
tion 1.3]). Thus the Chebyshev nodes are a simple node system that is
near-optimal in terms of both its Lebesgue constants and, by (2), the con-

vergence properties of its interpolation polynomials.
For the Chebyshev nodes, EHLICH and ZELLER [4] showed that

n

1 (2k — )7
An(T) = An(T,£1) = — > cot = (3)
k=1
from which representation the asymptotic result

2 2 8 1
An(T):;logn—i—;(’y—i—log;)+O<$>, asn — oo, (4)

can be obtained, where v denotes Euler’s constant. (In fact, much more
precise results than (4) are known — see the survey paper by BRUTMAN
[3] and the references therein.) BRUTMAN [2] made a careful study of the
behaviour of A\, (7, x) on [—1, 1], and showed its local maxima are strictly
decreasing from the outside towards the middle of the interval, and that
the smallest local maximum, A, (T"), satisfies

2 2 4
A(T) = ;logn—f— — ('y—f—log ;) +o(1), asn— oo. (5)
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This asymptotic result was obtained from the observations that if n is
even, then

while if n is odd, then

A, (T) ~ A\(T,sinm/(2n)), asn — oo.

Our aim in this paper is to study Lagrange interpolation on the Cheby-
shev nodes augmented with the endpoints —1 and 1. Denote the aug-
mented nodes by

To={%kmni2:k=0,1,....,n+1; n=1,2,3,...},

where

Tont+2 = 17 Tp+ln+2 = _17

% —1 (6)

xk7n+2:cos< 7r>, 1<k<n.
Now, polynomial interpolation on 7T, has been studied by several authors,
but almost exclusively in the context of Hermite—Fejér interpolation, where
the polynomial is required to not only interpolate the function at each
node, but also to have zero derivative at each node. In a series of papers
in the 1960s, D. L. Berman showed that adding £1 to the Chebyshev
nodes may completely change the convergence behaviour of Hermite—Fejér
polynomials. For instance, in [1, Theorem 2], Berman showed that the
sequence of Hermite-Fejér interpolation polynomials to f(z) = 2, based
on the nodes T,, diverges as n — oo for all z € (—1,1), even though the
corresponding sequence of polynomials based on the nodes T converges
uniformly to f on [—1,1]. The behaviour of the Lebesgue function for
Hermite—Fejér interpolation on T;, was discussed by Smith [9], who showed,
for example, that the addition of +1 to the node system T causes the
Lebesgue constant to increase dramatically, from 1 to 2n? + O(1).

In contrast to Hermite—Fejér interpolation, the Lagrange interpolation
process on T, has received only limited study. This is perhaps due to the
fact that it fails to exhibit the extreme behaviour of the Hermite—Fejér
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process. Indeed, from

Lua(Tas £2) = LT, £.2) = P[4 2)(F(1) — L (T, 1)
(= ) (1)~ Lo(T, £, -1)],

which is verified readily by noting that both sides are polynomials of degree
at most n+1 that agree at the n+2 nodes zj 42 (0 < k < n+1), it follows
that if L, (T, f,x) converges uniformly to f on [—1, 1], then L, 12(T,, f, )
also converges uniformly to f.

5,

-1 0 1

Figure 1. Graphs of the Lebesgue functions Ag(T,x) (thin line)
and A1 (T,, )

We will investigate properties of the Lebesgue function A,y2(7y, ).
Now, Figure 1 suggests that in contrast to the behaviour of A\, (7, z), the
local maxima of A\, +2(7}, z) increase from the outside towards the middle
of [—1,1]. Further, the graphs suggest that the magnitude of A,;2(Ty) is
considerably greater than that of A, (7). These observations are confirmed
by the following two theorems, which will be proved in Sections 2 and 3.
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Theorem 1. Let A{l 4o(T,) denote the local maximum value of the
Lebesgue function A\, 2(T,,x) in the interval (xj41,x;), and let [n/2] de-
note the integer part of n/2. Then

N S(T) < AEY(T),  j=0,1,...,[n/2 — 1.

Theorem 2. The Lebesgue constant A,.2(T,) has the asymptotic
expansion

4 4 4 1
An+2(Ta):;logn+;<’y+log;>+1+0( ), asn — oo. (7)

n2

2. Proof of Theorem 1

For simplicity, write xj, for xj 12, where the x o are given by (6).
By using basic properties of the Chebyshev polynomial T;,(x) (see RIVLIN
[7, Chapter 1]), it is easily verified that the fundamental polynomials for
Lagrange interpolation on the nodes T, are given by

1+=x nl—x

2

1—a? 1—2%) T,
BT ) = 2 0 (Ty) = (~1pt L EL Tnl®) oy

1—xy n /1_xi T—Tp

Therefore, if zj41 < x < xj, it follows from (1) and (—1)’T,(z) > 0 that
the Lebesgue function is

gO,n+2(Ta’x) = Tn(SC), €n+1,n+2(Ta’x) = (_1) Tn(‘r)’

1—
k

J _ g2
Avsa(To. 2) = (— 1T (2) 1-z) 1

/ 2T —x
1y /1 — k
Z”: 1-22) 1 ]
k:j+1n\/1—$zx_:pk

To simplify notation, we write A, y2(Ts, x) as A\p42(z), and define

(8)

+

2k —1
0():0, 0n+1:7r, sz m s (1§k§n)
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Because of the symmetry of the nodes about 0, the theorem follows imme-
diately from the following lemma.

Lemma 3. Suppose x = cosf where 0; < 6 < ;11 and 0 < j <
[n/2] — 1. Let x, = cos b, where 0, = 6 + w/n. Then

)\TL+2(IE*) — )\n+2($) > 0.

PRrROOF. Since T),(z.) = —T,(x), it follows from (8) that

T (@)~ Pra(@) = Aura@)] = 3

Consider the case when n = 2m is even. Since xp = —Z,_g+1, (9) can be
written as

n . L —
L@ sl = Ansala)] = > —

2
ry — T
k=jt2 /1 —ap T Tk

2

+1
: T 1 —az x 1—2z
_ 1 xy, k * k

2 m

k=j+14/1 — x,

J Tk 1—x
2 _ 2
:1\/1—562'%]6 X

On using the representation

k

1 — a2 1— 22
e k 10
a2—x% +a2—x% (10)

in each summand, we obtain

F(@) = n|Ta (@) " Pz () = Anga(@)]



32 Simon J. Smith

m
—2xesclj — 2(x — xy) Z csc Oy,
k=j+2

2 T sin26
“cotty + 3 ST g s

2 2 2
— Ty Ty, — X
=1 Tk k=1"Fk
m . m .
sin ;. sin 6y,
+ 22, E —2x E . (11)
2_ 2 22 _ 22
k=j4+2 7% Tk k=j+1 k

Since = > x,, the lemma will be established for even n if it can be shown

that f(z) >0
Now, on using the trigonometric identity

sin2A4

- = B—A) — B+ A 12
cos?A — cos?B cot( ) — cot(B + 4), (12)

and noting 0, — 011 =60 — 0y for 1 <k <n — 1, we obtain

+1 . o / : i
]Z: sin 26}, . sin 20, J ( sin 261 sin 20},
2 2 Z 2 2 = Z 2 20 o2 2
Ti —x i —x cos20 — cos? 0 cos?0y, — cos26
k=2 kT Dk k=1 kt1 * k

j
= Z (cot(0 + Ok) — cot (6« + Op11))
P

=1
= cot(0 + 01) + cot (8 + 03)

—cot(0 + 6;41) —cot(0 + 042).

Therefore, because 0, — 07 = 0 + 04,

J+1 . i
20 20

Z s;n 12 B s;n k2 — 2cot(0 + 01)

1 IEk—IE* 1 CCk—CC

—cot(8 +6;41) — cot(0 + 042).

Similarly, from

2cos Asin B

m = CSC(B — A) + CSC(B =+ A)’
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and 0,, + 0, =7 — (0, — 0), it follows that

" sinf . sinf
k k
2z, E 5 — 2% E 5 = —osc(f +0j11)
o Tk T Ty T (14)
k=j+2 k=j+1

—csc(0 + 0j42).

Substituting (13) and (14) into (11), and using cot A + csc A = cot A/2,
gives

0+0; 0+6;
f(z) = 2[cot 041 + cot(6 + 61)] — [cot PO | oo L2 | (g5
To show this is positive, we employ
sin(A + B) 2sin(A + B)

cot A+ co sin Asin B cos(A — B) —cos(A + B)

and 619 = 611 + 261, so that (15) can be written as

sin(9j+1+9 + 91) [2 cos 01— COS(9j+1+9 + (91)— COS(9j+1_9 — 91)]
2sin ‘9j+1 sin(@ + (91) sin 9+%j+1

fz) =

. 040
sin +27+2

All the sine terms in this expression for f(x) are positive, and
2cosby —cos(0j41 + 60+ 01) —cos(f41 — 6 — 61)
= 2(cos 0y — cos b1 cos(0 +01)) > 2 (cosby — cos by cos(f +61)) > 0.

Thus the lemma is established if n is even.

We next consider the case when n = 2m+1 is odd. Similar calculations
to those for the even case can be made (note that x,,+; = 0), with the
equivalent expression to (11) being

9(@) = 1T (@)™ Pasa(es) — Aura(@)] — 2wese by

“ s sin 20,
—2(z — ) Z csc@k:2cot0j+1+z 3
k=j+2 =1 Tk T Tk

sin 29k o sin ‘9k " sin ‘9k
- x2_$2+2~’6*2x2_$z—2$2x2_$2
k=1"k k=j+2 7% k k=j+1 k
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1— 22 2

*
+ —
Ty x

1—=x

Observe that the lemma will be established for odd n if it can be shown
that g(z) > 0.

Now, identity (13) remains valid for odd n, while from 6,,, = 7/2—x/n,
it follows that the equivalent expression to (14) is

1 1
= —csc(f 4+ 0j41) — csc(0 + 0j42) + ———

Therefore,

g(x) = 2[cot Oj11 + cot(6 + 61)]
0t 05 | o O Oy

t
+ co 5

— |cot + (. — x4),
which is positive by the same considerations as for the even case, and

x > x,. Thus the lemma is proved. O

3. Proof of Theorem 2

If n is even, then by Theorem 1 and symmetry considerations, Ay, 2(7y)
= M+2(T%,0), and so, by (8),

n/2
Apio(Ty) =14+ — t 0;, + tan 6
12(T) +n;(co k + tan 0)
n/2

4 2k — 1)
-1 _2 t T — 14 2A, (T
—l—nk:lco 5 +2A,5(T),

where the final equality is a consequence of (3). The result (7) then follows
from (4).
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If n=2m+1 is odd, then by Theorem 1, A, 2(T}) :0<mgx Ani2(Ty, ).
T<Tm
Now, if 0 < < zy, and x = cos 0, then by (8), (10) and (12),

2m
Mao(To, ) = (=)™ Ty () |1+ = t6
allun) = (1) (0) | 14 13 cotty

_ (16)

nx

1m
— t(0 — 0y) — cot(6 + 0
+n;CO k) — cot(0 + Ox)] +

Define ¢,,, = mm/(2m+1). Then, on choosing x = cos ¢,,, = sin(7/(2n)) =
sinf; in (16), we obtain

cos? 0,

4 & 1
A2(Ta,co8 ) = 1+ - Zcot O — - cot 01 +

n sin 61
k=1

(17)

4 1
=14 - to — .
#a et +0 (5)

k=1

To obtain an asymptotic expression for n=! > peq cot O, we adapt the
methods of SHIVAKUMAR and WONG [8] that were used to find a complete
asymptotic expansion of (3). From the expansion

2r—1

1 > z
cotz = ;_2122T’B2r’ (0< ’Z‘ <7T), (18)
r=

(2r)!
where the By, are Bernoulli numbers, it follows that
i (2k = D7

— 202m +1)

:%Z

2r

_Z’B%” 2 7T+1 - 2]{? )2r 1
m

Now, it is well-known that

1 1 y 1
= —log(4 — — .
;21@—1 20g(m)+2+0<m2)
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Also, as derived by Shivakumar and Wong using the Euler—-Maclaurin for-

mula,
m

1)1 = (2m)*r

™ + 0 (r(2m)2’"_2) .

k=1

Further, from the Maclaurin series expansion of (1 4+ 2)~%" for x > 0, it

follows that
LI Ry (i
om - m m2 /)’
i (2k—1)m
— 202m + 1)

yBgr\ 1 X |Bar| o 1
log (4 - r — ).
(Og( m +FY Z 27rm ; (27“)! ™ +0 m2

The two series on the right of this equation can be evaluated by substitut-
ing z =7/2 in (18) and in the series

Thus

- 227‘71‘327“’ 2r

0
—~ T(QT)' ( < ’Z‘ < 71')’

logsin z = log z —
which is obtained by integrating (18), so that
1 « 2k — 1
3 cot (2K DT
2m +1 — 2(2m +1)

:%(log(é%m/ﬂ)—i—’y) —i—ﬁ—i—O (%) )

On recalling that n = 2m + 1, we obtain from (17),
An+2 (Ta) > )\n+2 (Taa COs ¢m)
4 4 4 1 19
:—logn+—(’y+log—)+1+0<—2>. (19)
™ ™ T n

To show that A, 2(T,) is equal to A, 1o(Ty, cos ¢,) to within O(1/n?)
terms, we use a method that was employed by BRUTMAN [2] to establish
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(5). Now, it follows from (16) that

Nto(Ta, oS o)

S

[sec 6, Z [esc? (¢m — Ok) — esc®(dm + Ok)] — csc? 01 — 1] (20)

k=1

1

= o [sec 01 (csc2 0; — 1) — csc? 0, — 1} _ 2 + cos 6

“n(1+cosy)

Thus X, (T4, cos ¢r,) < 0, and 50 Ay 2(Te) = Maxg<z<cos g Ant2(Tas ).

On noting that T/ (cos ¢p) = (—1)™"'n2/cos? 1, we obtain, also
from (16),
—n2 4 cosf1(1 — cosb)
A 1 m) — 7 14— t 0, —
n+2(Ta, €05 ) cos2 0y + n ;CO K nsin 01
2 m
ooZdr D [0t (Om—0k) e (m—01) = Ot (Su-+0k) o ( S+ 0]
k=1
Sin 01 u 2 2
kit o —0) — 0 s
T ; [csc? (o k) — csc? (G + 0k)] + ERCY)
4 KA. 9 n n 1 —cosb,
- — esc? 0] cot By, — -
n cos2 0 ; [n o8¢ k] oLk~ Cos 0, [cos 0, sin 61

1 2 1 2
n |cosfysin®0; cosfysinfy  sin®6; |’

Now, from sin @ > 20/7 (0 < 6 < w/2), it follows that sinf; > 1/n, and so

n? —csc? 0y, > n? — csc? 01 > 0. Also from sinf; > 1/n, we obtain

n 1 —cosf; n
— —n(l-— 0
cos 01 sin 64 cos 01 n( cos 01)
= 00:91 (1 — cos 01 + cos? 91) > 0.
Finally,
2 1 2 (1 —cosb)?

- — - — = = - > 0.
cosfysin®@; cosfisinf; sin®#;  cos6ysin’ 6y
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On combining these results it follows that A} (75, cos ¢,,) < 0.

Now suppose that z*€ (0, cos ¢, ) is such that Ay, 2(T5) = Ao (T, ).
We claim that A,,12(T,,x) is concave on the interval (z*,cos ¢p,). To see
this, consider the polynomial

1_% - 1 z": 1-22) 1 ]
k=1 n\/l—xz L= Tk k:m+1n\/1—xz L= Tk
which, by (8), agrees with A, +2(Ty,z) on (Zym41, ). Note that the lead-
ing term in p(z) is (—1)™T122mg2m+2 /(2m 4 1), and p(x;) = (—1)™7
for 0 < j < m, p(x;) = (=1))7™" ! for m +1 < j < 2m +2. Thus p
has (at least) m + 1 changes of sign in each of the intervals (z,,,c0) and

p(x) = (=1)"Tn(2)

(2m+2, Tm+1), and so p’ has (at least) m zeros in each of these intervals,
as well as a zero at x* € (Zy,41,%m ). Since p’ has degree 2m + 1, we have,
in fact, identified the location of all its zeros. Hence p” has at most one
zero in (z*, x,,), and so, because p”(z*) < 0 and p”(cos ¢r,) < 0, it follows
that p”(x) < 0 on (z*,cos ¢r,), as claimed.

To complete the proof, note that from the concavity of A, 2(Tg, x) on
(x*,cos ) and (20), it follows that

Ant2(Ta, %) — Mpg2 (T, €0 ¢py) < —)\;L+2(TQ,COS Om) X (oS ¢y — z*)

2 + cos 01 08 by, = O(l).

~ n(l+cosb) ¢ n?

The result (7) for odd values of n then follows from (19).
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