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Mann iterative algorithm for a system
of operator inclusions

By YA-PING FANG (Chengdu) and NAN-JING HUANG (Chengdu)

Abstract. In this paper, we introduce and study a new system of operator
inclusions in Hilbert spaces. We prove the existence and uniqueness of solution
for this system of operator inclusions. We also construct a new Mann iterative
algorithm for approximating the solution of this system of operator inclusions and
discuss the convergence analysis of the algorithm.

1. Introduction and preliminaries

Let H be a Hilbert space and T : H — 2 be a multivalued operator,
where 2 denotes the family of all the nonempty subsets of H. The opera-
tor inclusion problem formulated by finding u € H such that 0 € T'(u) has
been studied extensively because of its role in modelization of unilateral
problems, nonlinear dissipative systems, variational inequalities, comple-
mentarity problems, convex optimizations, equilibrium problems, etc. For
details, we refer to [1]-[3], [8]-[18], [24]-[26], [30] and the references therein.

Recently, some new and interesting problems were considered by some
authors. They are systems of variational inequalities, systems of comple-
mentarity problems, and systems of equilibrium problems (see [4]-[6], [19],

Mathematics Subject Classification: 4THO5, 47J20, 49J40.

Key words and phrases: systems of operator inclusions, mann iterative algorithm, resol-
vent operator, Existence and convergence.

This work was supported by the National Natural Science Foundation of China.



64 Ya-ping Fang and Nan-jing Huang

[20], [22], [27]-[29]). In 1999, ANSARI et al. [6] studied a system of varia-
tional inequalities by the fixed point theorem. In the paper [20], KASSAY
and KOLUMBAN introduced a system of variational inequalities and proved
an existence theorem by Ky Fan lemma. Recently, KAsSAY, KOLUMBAN
and PALES [22] introduced and studied Minty and Stampacchia varia-
tional inequality systems by Kakutani-Fan—Glicksberg fixed point theo-
rem. Very recently, HUANG and FANG [19] introduced a system of order
complementarity problems and established some existence results by fixed
point theory. The study of systems of variational inequalities is interest-
ing and important because of the fact that a Nash equilibrium problem
for differentiable functions can be formulated in the form of a variational
inequality problem over product of sets (see [7]). In the paper [4], ANSARI
and KHAN further pointed out the equivalence of a system of variational
inequalities and a variational inequality over product of sets. On the other
hand, up to now, only a few iterative algorithms have been constructed for
approximating solution of a system of variational inequalities in Hilbert
spaces.

Motivated and inspired by the above works, in this paper, we introduce
and study a new system of operator inclusions in Hilbert spaces, which in-
cludes the systems of variational inequalities considered in [4], [6], [20],
[22] as special cases. We prove the existence and uniqueness of solution
for this system of operator inclusions. We also construct a new Mann iter-
ative algorithm for approximating the solution of this system of operator
inclusions and discuss the convergence analysis of the algorithm.

In the following, unless otherwise specified, we always suppose that H
is a Hilbert space with inner (-,-) and norm || -[|. For our results, we need
some concepts and results.

Definition 1.1. Let T : H — H be a mapping. T is said to be strongly
monotone with constant 7 if there exists some constant » > 0 such that

<T£C—Ty,$—y>2THZC—yH2, Vm,yGH-

Definition 1.2. A mapping T : H — H is said to be Lipschitz contin-
uous with constant s if there exists some constant s > 0 such that

[Tz =Tyl < slle —yl, V,yeH.
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Remark 1.1. If a mapping is both strongly monotone with constant r
and Lipschitz continuous with constant s, then r < s.
Definition 1.3. A multi-valued mapping M : H — 2H is said to be

(1) monotone if
(x —y,u—v) >0, Yuve HxeMu), andyec M),

(2) maximal monotone if M is monotone and (I +AM)(H) = H for every
(equivalently, for some)A > 0, where I denotes the identity mappings
on H.

Definition 1.4 (See [9]). Let M : H — 2 be a maximal monotone
mapping. The resolvent operator J j\\/j : H — H is defined by

JN () = (I +AM)"Yz), VazeH,
where A > 0 is a constant.

Lemma 1.1 (See [9]). Let M : H — 2% be a maximal monotone
mapping. Then J])\‘4 is nonexpensive, i.e.,

173 () = Tar @)l < llz = yll, Va,y € H.

In what follows, unless otherwise specified, we always suppose that Hy
and Hs are two real Hilbert spaces, A C H1 and B C H» are two nonempty,
closed and convex sets. Let F': Hy x Hy — Hy and G : Hy x Hy — Hy
be two mappings, M : H; — 21 and N : Hy — 292 be two maximal
monotone mappings. The system of operator inclusions is formulated by
finding (a,b) € Hy x Hs such that

0 € F(a,
0 e G(

If M(z) = 0p(x) and N(y) = d¢(y) for all € Hy and y € Hy, where
¢: H — RU{+c} and ¢ : Ho — R U {400} are two proper, convex
and lower semi-continuous functionals, d¢ and 0¢ denote the subdiffere-
tial operators of ¢ and ¢, respectively, then problem (1.1) reduces to the
following problem: find (a,b) € A x B such that

b) + M(a); @)
b) + N(b). '

a,

(F(a,b),z —a) + ¢(x) —¢(a) >0, Ve Hp,

(1.2)
<G(avb)7y_b>+¢(y) _¢(b) 207 VyGH%
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which is called a system of nonlinear variational inequalities.

If M(z) = 0da(z) and N(y) = 9dp(y) for all z € Hy and y € Hy,
where 04 and dp denote the indicator functions of A and B, respectively,
then problem (1.1) reduces to the following problem: find (a,b) € A x B
such that

(F(a,b),x —a) >0, VzeA,

(1.3)
(G(a,b),y —b) >0, Vye€B,

which is just the problem in [20] with both F' and G being single-valued.

The purpose of this paper is to prove the existence and uniqueness
of solution for problem (1.1) and construct a Mann iterative algorithm to
approximate the unique solution of problem (1.1).

2. Existence and uniqueness

For the main results, we give a characterization of solution of problem
(1.1) as follows:

Lemma 2.1. For any given (a,b) € Hy x Hy, (a,b) is a solution of
problem (1.1) if and only if (a,b) satisfies

a = Jyla— AF(a,b)],
b= Jylb— BG(a,b)),
where A > 0 and 3 > 0 are two constants.
PRrROOF. The conclusion directly follows from Definition 1.4. O

Theorem 2.1. Let M : Hy — 281 and N : Hy — 272 be two maximal
monotone mappings. Let F' : Hy x Hy — Hy be a mapping such that for
any given (a,b) € Hy x Hay, F(-,b) is strongly monotone and Lipschitz
continuous with constants r1 and s1, respectively, and F'(a,-) is Lipschitz
continuous with constant 7. Let G : Hy x Hy — Hs be a mapping such that
for any given (z,y) € Hy x Hy, G(x,-) is strongly monotone and Lipschitz
continuous with constant ro and s, and G(-,y) is Lipschitz continuous
with constant . If £ <1y and T < rg, then problem (1.1) admits a unique
solution.
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ProoOF. Choose p > 0 such that

2(T2 - T) 2(T1 - 5) } ] (21)

37 -
Define T, : Hy x Hy — Hy and S, : H; x Hy — Hy by
Ty(u,v) = J4[u—pF(u,v)] and S,(u,v) = Jy[v — pG(u,v)] (2.2)

for all (u,v) € Hy x Ha.
For any (uy,v1), (uz,v2) € Hyx Ha, it follows from (2.2) and Lemma 1.1
that

p<min{

(T (ur,v1) — Tp(ug, va)||
<l v p(Fa, o) = Fla )l
< lur —ug — p(F(uy,v1) — F(ug,v1))]|
+ ol F(ug, v1) — F(uz,v2)||
and
1S, (w1, v1) — S, (uz, va)|
< Hv1 — vy — p(G(ur,v1) — G(uz,v2))| (2.4)
< o1 —va = p(G(u1,v1) — G(u1,v2))]|
+ pl|G(u1,v2) — G(ug,v2)|.
By assumptions, we have
w1 — uz — p(F(u1,v1) — Fug,v1))]?
= |Juy — ug||* = 20(F (u1,v1) — F(ug,v1),u; — us)
+ P2 F(u1,v1) — F(ug, v1)]?
< (1= 2pr1 + p*s?)[lur — ua?, (2:5)
[v1 — v — p(G(u1,v1) — G(ur, v2))|?
= |lv1 — v2||® = 2p(G(u1,v1) — G(u1,vs),v1 — v2)
+ p2(|G(u1,v1) — Gug, v2)|?
< (1=2pry + p*s3)llos — va %, (26)
| F'(u2,v1) — F'(ug,v2)|| < 7l|v1 — v2|, (2.7)

and
|G (u1,v2) — G(ug,v2)|| < Elur — ual|. (2.8)
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It follows from (2.3)—(2.8) that
1T (u1, v1) = Tp(ug, v2)]|
< V1 =2pr1 + P2t [lur — ual| + prlor — w2,

15 (u1,v1) — Sp(uz, v2)||
< V1 =2pry + p2s3 [[ur — v2|| + pllur — uall.

(2.9)

(2.9) implies that
Ty (w1, v1) — Tp(uz, v2)|| + 1S, (w1, v1) — S,(uz, v2)|]
< (\/1 — 2pr1 + pPst + pff) Jur — ual|
+ <\/1 — 2prg + p?s3 +p7)\|vl — vg| (2.10)

< max{\/l = 2pr1 + p?s] + pk, \/1 — 2pry + p?s3 —i—pT}

X (Jlur — ual| + [lvr — val]).

Now define || - ||; on Hy x Hy by
(s )l = full +[oll, ¥ (u,0) € Hi x Ha.

It is easy to see that (Hy x Ha, || - ||1) is a Banach space. Define
QPIH1XH2—>H1XHQby

Qp(u,v) = (Ty(u,v), Sy(u,v)), V(u,v) € H x Ha. (2.11)

Let

k= max{\/l —2pr1 + p2s? + pé, \/1 — 2pry + p2s? +pT}.

Since { < r; and T < ry, it is easy to see that 0 < k < 1 from (2.1) and
Remark 1.1. It follows from (2.10) and (2.11) that

1Qp(u1,v1) — Qpuz, vo)|l1 < kf[(ur,v1) — (uz,v2)l1.

This proves that @, : Hy x Hy — Hy x Hj is a contractive mapping. Hence
there exists a unique (a,b) € Hy X Hy such that

Qp(a,b) = (a,b),
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ie.,
a=J¢la— pF(a,b)),
b= JY[b— pG(a,b).
By Lemma 2.1, (a,b) is the unique solution of problem (1.1). O

The following existence results are immediate consequences of Theo-
rem 2.1.

Theorem 2.2. Let ¢ : Hi — RU{+o0} and ¢ : Hy — RU{+o0} be
two proper convex lower semicontinuous functionals. Let F': Hy x Hy — H;
be a mapping such that for any given (a,b) € Hy x Ho, F(-,b) is strongly
monotone and Lipschitz continuous with constants r1 and s, respectively,
and F(a,-) is Lipschitz continuous with constant T. Let G : Hy x Hy — Hy
be a mapping such that for any given (x,y) € Hy x Ha, G(x,-) is strongly
monotone and Lipschitz continuous with constant ro and s, and G(-,y)
is Lipschitz continuous with constant &. If € < ry and T < 79, then prob-
lem (1.2) admits a unique solution.

Theorem 2.3. Let F': A x B — H; be a mapping such that for any
given (a,b) € Ax B, F(-,b) is strongly monotone and Lipschitz continuous
with constants 1 and s1, respectively, and F(a,-) is Lipschitz continuous
with constant 7. Let G : Ax B — Hs be a mapping such that for any given
(z,y) € Ax B, G(z,-) is strongly monotone and Lipschitz continuous with
constant r9 and sg, and G(-,y) is Lipschitz continuous with constant £. If
¢ <ry and T < rg, then problem (1.3) admits a unique solution.

3. Iterative algorithms and convergence

In this section, we construct a Mann iterative algorithm to approx-
imate the unique solution of problem (1.1) and discuss the convergence
analysis of the algorithm. As consequence, Mann iterative algorithms for
problems (1.2) and (1.3) are defined and the convergence of the iterative
sequences are proved, too.

Lemma 3.1. Let {¢,} and {k,} be two real sequences of nonnegative
numbers satisfying the following conditions:
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(i) 0<k,<1,n=0,1,2... and limsup, k, < 1;
(ii) cpy1 < kpen, n=0,1,2....

Then ¢,, converges to 0 as n — 0.

PRrOOF. Condition (ii) implies that {c,} is decreasing and so ¢, has
a limit ¢. Suppose by contradiction that ¢ # 0. Choose a subsequence
{kn,} C {kn} such that k,; converges to limsup,, k, as j — oo. By condi-
tion (i), cn; < kn,cn,; and so ¢ < (limsup,, ky, )¢, which contradicts condi-
tion (i). Hence ¢, converges to 0 as n — oc. O

Theorem 3.1. Let M : Hy — 271 and N : Hy — 2M2 be two maximal
monotone mappings, F' : Hy x Hy — Hy and G : Hy x Hy — Hy be two
mappings. Assume that all the conditions of Theorem 2.1 hold. For any
given (ag, by) € Hy x Hy, define Mann iterative sequences {(an,by)} by

ant1 = Qnan + (1 — ay) 5 [an — pF(an, by)],
bp+1 = apby, + (1 — an))JK,[bn — pG(ap,by)],

(3.1)

where
0<a,<1l and limsupa, <1. (3.2)

n

Then (ay,by,) converges strongly to the unique solution (a,b) of prob-
lem (1.1).

PRrROOF. By Theorem 2.1, problem (1.1) admits a unique solution
(a,b). It follows from Lemma 2.1 that

a=apa+ (1—oay)Jila—pF(a,b)],

(3.3)
b=anb+ (1 — ay)J5[b— pG(a,b)].

By (3.1) and (3.3),

lan+1 —a
< apllan — all + (1 = aw)[| T3, lan — pF(an, bn)] — Jy;la — pF(a, b)]|
< apllan — all + (1 = an)llan — a — p(F(an, bn) — F(a,b))]|
< apllan —al + (1 = an)llan — a — p(F(an, bn) — F(a, by))||
+ (1= an)pl|F(a,bn) — F(a,b)|
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< allan — all + (1= an)y/1 —2pr1 + 252 |la, — a
(1= an)pr|bn — (3.4)

and
[[bny1 — 0l
<anlbn—bll+ (1 — an) | T{ [bn— pGan, bn)] — T [b— pG(a, b)]]|
< ap|lby = bl + (1 — an)||bp — b — p(G(an, by) — G(a,b))]|
< anllbp = bl + (1 = an)|[br — b = p(G(an, bn) — G(an,d))| (3.5)
+ (1 = an)pl|G(an, b) — G(a, b)]|

< anllbn = b+ (1 = @)1 = 2prs + 0253 b, = b]
+ (1 —an)pgllan —al.
It follows from (3.4) and (3.5) that
lant1 = all + [[bnts — bl
< an(llan — all + 1lbn = ll) + (1 — an)k(llan — all + [[bn —0]) ~ (3.6)
= (k+ (1= k)an)(lan — all + Ibn = b]]),
where 0 < k < 1 is defined by

k= max{\/l —2pr1 + p2s? + pg, \/1 — 2pro + p2s? —|—p7}.

Let
cn = llan —al| 4+ ||bp, = b|| and k, =k+ (1 —k)ay,.

Then (3.6) can be rewritten as
i1 < kncn, n=0,1,2...,
By (3.2), we know that limsup,, k, < 1. It follows from Lemma 3.1 that
lan, — all + ||bp, — b|| = 0, asmn — oo.

Therefore, (a,,by,) converges strongly to the unique solution (a,b) of prob-
lem (1.1). O

By Theorem 3.1, we have the following results:
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Theorem 3.2. Let F': Hy x Hy — Hy and G : Hy x Hy — Hy be two
mappings, ¢ : Hi — RU {400} and ¢ : Hy — R U {400} be two proper
convex lower semicontinuous functionals. Assume that all the conditions of
Theorem 2.2 hold. For any given (ag,by) € Hy x Hs, define Mann iterative
sequences {(an,by,)} by

Ant1 = anapn + (1 — ay)Jolan — pF(an, by)],
b1 = by + (1 — an))Jq’j[bn — pG(ap, by)],

where
0<a,<1 and limsupa, <1. (3.7)

n

Then (ay,by,) converges strongly to the unique solution (a,b) of prob-
lem (1.2).

Theorem 3.3. Let ' : Ax B — Hy and G : A x B — Hy be two
mappings. Assume that all the conditions of Theorem 2.3 hold. For any
given (ag,bo) € A X B, define the Mann iterative sequence {(an,by)} by

Ap+1 = Qpap + (1 - an)PA[an - PF(an, bn)]’
bn+1 = anbn + (1 - an))PB [bn - pG(an’ bn)]’

where
0<a,<1 and limsupa, <1

n
Then (ay,,by,) converges strongly to the unique solution (a,b) of prob-
lem (1.3).
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