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Warped product contact C R-submanifolds
of Sasakian space forms

By MARIAN-IOAN MUNTEANU (Iasi)

Abstract. In this paper we study contact CR products and contact C'R-
warped products (in the sense of B. Y. CHEN [19]) in Sasakian manifolds. We
show that a contact C'R submanifold M of a Sasakian manifold with £ € D and
with parallel f-structure P is a C'R-product of an integral curve of § and a ¢-anti-
invariant submanifold of M. If M is a strictly proper contact C'R-product in S”
with || B|| = v/6, then M is the Riemannian product between S* and S* and up to
a rigid transformation of R® the embedding is given by r : §% x ST — S7 < RS,
r(z1, y1, T2, Y2, u,v) = (T1U, Y1U, —Y10, L1V, LoU, Y2U, —Y2U, T2v). Then we prove
that if M = N+ x ¢ N7 is a warped product contact C'R-submanifold such that
N+ is ¢-anti-invariant and N7 is ¢-invariant, then M is a C R-product. Next, we
define a contact C'R-warped product and we show that the second fundamental
form of a contact C'R warped product of a Sasakian space form satisfies a “good”
inequality, namely || B||? > 2p [|[VIn f||? — Aln f + <2 s+ 1].

1. Introduction

A submanifold M of a Hermitian manifold (M, J,§) is a CR subman-
ifold if it carries a holomorphic distribution D i.e. J,(D,) = D,, for any
x € M, such that the orthogonal complement (with respect to g = j*g)
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D+ of D in T(M) is anti-invariant, i.e. J.(Dy) C T(M)y+, for any x € M,
where T(M)* is the normal bundle (of the given immersion j : M C M ).
CR-submanifolds were first considered by A. BEJANCU, [6], in an effort
to unify notions such as complex (D+ = (0)), anti-invariant (D = (0)),
totally real (T(M)NJT(M) = (0)), or generic (JD+ = T(M)*) submani-
folds. Although it had been known for some time (cf. A. ANDREOTTI and
C. D. HiLL, [3]) that real analytic C'R manifolds are at least locally embe-
dable, it appears that the notion of a C R submanifold was introduced in-
dependently of the theory of C'R manifolds (cf. e.g. S. GREENFIELD, [29]),
and it was not until the result by D. E. BLAIR and B-Y. CHEN, [13], that
CR submanifolds (M, D) where recognized to posses an (integrable) CR
structure T1 o(M) = {X — /=1JX : X € D} (provided they are proper,
ie. D # (0) and D+ # (0)). Also, the study of CR submanifolds was
confined to Kéhlerian ambient spaces (cf. also B-Y. CHEN, [19]). Subse-
quently, the theory of C'R submanifolds was developed to include ambient
spaces such as locally conformal K&hler manifolds (cf. e.g. D. E. BLAIR and
S. DRAGOMIR, [14], S. DRAGOMIR and L. ORNEA, [27], N. PAPAGHIUC,
[38], M. H. SHAHID, [42]), quasi and nearly Kéhler manifolds (cf. e.g.
S. H. Ko~ and S. L. TaN, [33], T. SASAHARA, [41]), or quaternionic
Kaéhler manifolds (cf. e.g. B. J. PAPANTONIOU and M. H. SHAHID, [40]).
Another line of thought, similar to that concerning Sasakian geometry as
an odd dimensional version of Kéhlerian geometry (cf. D. E. BLAIR, [11]),
led to the concept of a contact C R-submanifold, that is a submanifold M of
an almost contact Riemannian manifold (M ,(0,€,7,9)) carrying an invari-
ant distribution D, i.e. ¢, D, C D,, for any x € M, such that the orthog-
onal complement D+ of D in T'(M) is anti-invariant, i.e. ¢, Dy C T(M),
for any x € M. This notion was already used by A. BEJANCU and N. PA-
PAGHIUC in [8] by using the terminology of semi-invariant submanifold.
It is customary to require that £ be tangent to M (cf. K. YANO and
M. KoN, [49]), rather than normal which is too restrictive (by Prop. 1.1
in [49], p. 43, M must be anti-invariant, i.e. ¢,T,(M) C T(M)%, z € M),
or oblique (which leads to highly complicated embedding equations). Al-
though a formal analogue to the notion of a C'R-submanifold to start with,
contact C'R-submanifolds turn out to have a precise geometric meaning by
combining a result by S. IANUS, [31] (according to which any normal al-
most contact Riemannian manifold is actually a C'R-manifold, with the
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CR structure T1o(M) = {X — v/—1¢X : X € Ker(n)}) and the obser-
vation that a contact C'R-manifold is a C'R-manifold (with the induced

CR-structure T o(M) = [T(M)® C]NT1,0(M)). Any hypersurface M of a
Sasakian manifold M is a contact C'R-submanifold and a nondegenerated
C R-manifold of C'R codimension two. Of course, the inclusion j : M — M
is a CR immersion, i.e. an immersion and a CR map. A theory of CR
immersions, related to certain aspects of analysis in complex variables, has
been started by S. WEBSTER, [48]. There one is interested in rigidity of
CR submanifolds j : M C S$?"*! (up to a fractional linear transformation
of $?"*1) the ambient Levi-Civita connection appearing in the theory
of Riemannian immersions (cf. [18]) is replaced by the Tanaka—Webster
connection of S*"*1 (cf. [47] and S. DRAGOMIR, [26]) thus producing
CR, or pseudohermitian, analogs to the Gauss—Weingarten and Gauss—
Ricci—Codazzi equations, and the relationship between the resulting the-
ory (of CR and pseudohermitian immersions, cf. also E. BARLETTA and
S. DRAGOMIR, [4], S. DRAGOMIR, [25]) and the geometry of the second
fundamental form of j is perhaps not sufficiently clear, at the present state
of research. Given a contact C'R submanifold M of a Sasakian manifold,
M either £ €D, or £ € D. Therefore, the tangent space at each point
decomposes orthogonally as

T(M) = H(M) & R¢ @ E(M),

where ¢H(M) = H(M) and ¢?> = —I along H(M) (H(M) is the Levi,
or maximally complex, distribution of M) and ¢E(M) C T(M)*+. While
both D := H(M) and D := H(M) ® R¢ organize M as a contact CR
submanifold, it should be remarked that H (M) is never integrable (cf.
e.g. [17], p. 170), i.e. (M,T10(M)) is never Levi flat. This appears as
a basic difference between the complex and contact case (Chen’s CR or
warped C'R products are always Levi flat). Therefore, to formulate a
contact analog of the notion of warped C'R product one assumes that
M = NT x Nt where i) N7 is a ¢-invariant submanifold of M tangent
to &, ii) N* is a ¢-anti-invariant submanifold of M, and iii) the induced
metric ¢ = j*q, j : M C M , is a warped product metric (in the sense of
R. L. BisHor and B. O’NEILL, [10]). Then, of course, H(M) @& R¢ is
integrable and N7 is one of its leaves.
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To give a brief description of our findings let us consider C' R-products
in Sasakian manifolds. We give a tensorial characterization, namely we
prove the following result: Let M be a contact C R-submanifold of a Sa-
sakian manifold M, with &€ € D. Then M is a contact CR product if and
only if P satisfies (VyP)V = —g(Up, V)¢ + n(V)Up for all U,V tangent
to M. When the ambient is a Sasakian space form we classified the contact
CR products as follows: Let M be a complete, generic, simply connected
contact CR submanifold of a complete, simply connected Sasakian space
form M2m+1(c). If M is a contact CR product then either ¢ # —3 and M
s a ¢ anti-invariant submanifold of M case in which M is locally a Rie-
mannian product of an integral curve of & and a totally real submanifold
Nt of M, or ¢ = —3 and M is locally a Riemannian product of R***1 and
N1t where R*1 is endowed with the usual Sasakian structure and N+ is
a totally real submanifold of R*™*! (with the usual Sasakian structure).
[Here 2s = dim H(M).] Our purpose was to introduce and to study an
analog of B.Y. Chen’s C'R warped products suitable for use in Sasakian
geometry. As we have mentioned in the Abstract we may consider only
warped products C R-submanifolds of the form N7 x i N L. Our next re-
sult characterizes contact C R warped products in Sasakian manifolds: A
strictly proper CR submanifold M of a Sasakian manifold M, and tangent
to the structure vector field € is locally a contact C R warped product if and
only if ApzX = (n(X) —(6X)(n) Z, X € D, Z € DL for some func-
tion p on M satisfying Wy = 0 for all W € D+. This characterization
is similar to that of B.Y. Chen (for warped C'R products) and a natural
generalization of his.

Among other results, we obtain an analog of B. Y. Chen’s inequal-
ity (satisfied by the norm of the second fundamental form): Let M =
NT X g N+t be a contact CR warped product of a Sasakian space form
M2m+1(c) and let h = 25 +1 = dim N7 and p = dim N*. Then the
second fundamental form of M satisfies the following inequality

c+3

|B|*>2p |[|[VInf||” — Aln f + .

s+1f. (a)

If the ambient space is but a Sasakian manifold (and not necessarily a
Sasakian space form) we obtain a weaker inequality

1BII> > 2p (IIVIn fI* +1) (b)
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Here, if equality holds, then N7 is totally geodesic (in M ) while N+
is totally umbilical. Moreover, M is minimal in M and if M = R2m+1
(endowed with the standard Sasakian structure) then In f is a harmonic
function. Finally, we were able to give an example of a contact C'R warped
product in R?™*1(—3) satisfying the inequality (a), yet not satisfying the
inequality (b).
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2. Contact C'R products

Let M be a (2m + 1)-dimensional Sasakian manifold with the contact
metric structure (¢,¢,7,9) i.e. ¢ € THM), € € x(M) and n € AL(M)
with the following properties: ¢?> = —I +n® &, ¢ = 0, no¢ = 0,
n€) =1, dn(X,Y) = g(X, ¢Y) (the contact condition) and g(¢X, ¢Y) =
3(X,Y) —n(X)n(Y) (the compatibility condition). If ¥V denotes its Levi-
Civita connection the following relation

(Vue)V = —g(U,V)E+n(V)U, U,V € x(M), (1)

holds on M and actually characterizes Sasakian manifolds among almost
contact Riemannian manifolds. A plane section o C T,,(M) is a ¢-section
if o is spanned by {v, ¢;v}, for some v € T;(M). The restriction k¢ to ¢-
planes of the Riemannian sectional curvature (of (M, q)) is the ¢-sectional
curvature. A Sasakian space form is a Sasakian manifold of constant ¢-
sectional curvature and if this is the case the Riemannian curvature tensor
field R is given by
= c+3
R(X,Y)Z = o 9. Z)X —g(X,Z)Y } — —{77 M(Y)X —n(X)Y]
+[9(Y, Z)n(X)g(X, Z)n(Y)]€ — g(4Y, Z)¢X +9(6X, Z)oY
+25(6X, )92}, (2)
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for any XY, Z € x(M) (actually, by the Schur-like result in [11], p. 97,
it suffices that k4 be a point function; then kg is constant and R is given

by (2)).
Let M be a real m-dimensional submanifold of M, tangent to the
contact vector £&. We shall need the Gauss and Weingarten formulae

VxY =VxY +B(X,Y), VxN=—AyX + V%N, (3)

for any X,Y € x(M), and N € I'°(T(M)*). Here T(M)* is the normal
bundle of the given immersion. Also, V is the induced connection, V= is
the normal connection (a connection in the normal bundle), B is the second
fundamental form (of the given immersion), and Ay is the Weingarten
operator (corresponding to the normal section N). Cf. e.g. [18]. Then

g(ANva) :g(NvB(va))' (4)

For any X € x(M) we set PX = tan(¢X) and FFX = nor(¢X), where
tan, and nor, are the natural projections associated to the direct sum
decomposition

T, (M) = To(M) ® T(M)+, xe€ M.

T

Then P is an endomorphism of the tangent bundle T (M) of and F is a
normal bundle valued 1-form on M. Since £ is tangent to M we get

P¢=0, F(=0, Vx({=PX, B(X,{)=FX. (5)

Similarly, for a normal vector field N, we put tN = tan(¢N) and fN =
nor(¢N) for the tangential and the normal part of N, respectively.
The Riemannian curvature tensor R of M is given by

c+3

RxyZ = {9(Y,2)X —g(X, 2)Y}

S MK —a(X M2 + oV, ZmX)E (g)

—g9(X, 2 )¢ —g(PY,Z)PX + g(PX,Z)PY
+29(PX,Y)PZ} + Apizy)X — Apzx)Y
for all X, Y, Z vector fields on M. We recall the equation of Gauss
J(Rxy Z,W) = g(Rxy ZW) = §(B(X,W), B(Y, Z))
+9(B(Y,W),B(X, 2))

(7)
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and the equation of Codazzi

(VXB)(Y’ Z) - (VYB)(X’ Z)

= C; L (o(PY, 2)F X — g(PX, Z)FY — 29(PX,Y)FZ} ®)

where
(VxB)(Y,Z) = VxB(Y,Z) - B(VxY,Z) - B(Y,VxZ).  (9)

The second fundamental form B satisfies the classical Codazzi equation
(according to [7], [32]) if

(VxB)(Y,Z) = (VyB)(X, Z). (10)

Lemma 2.1. Let M be a submanifold of Sasakian space form M’ 2m+l(c)
with ¢ # 1 and tangent to the structure vector field £. If the second fun-
damental form B of M satisfies the classical Codazzi equation then M is
¢ invariant or ¢ anti-invariant.

PRrROOF. By using (8) and (10) one gets

g(PY,Z)FX — g(PX,Z)FY —29(PX,Y)FZ =0,

(11)
VX,Y,Z € T(M).

We will give the proof by contradiction. Suppose that there exists U, €
T..(M) such that PU, # 0 and FU, # 0. From (11) we deduce

39.(PU,, PU,) FU, = 0, false. Therefore, for U, € T, (M) we have either
PU, =0or FU, = 0. It can also be proved that we cannot have U,,V, €
T, (M) such that PU, # 0, FU, = 0, PV, = 0 and F'V, # 0. Consequently
P =0 or F' = 0 which means that M is a ¢-invariant manifold (if F' = 0)
or M is a ¢-anti-invariant manifold (if P = 0). O

Putting
(VuP)V = Vi (PV) — PVyV, (VuF)V = VEHEV) - FVyV  (12)
for U,V € x(M) we have (cf. [49])

(VyP)V = ApyU +tB(U,V) — g(U, V)¢ +n(V)U (13)
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(VUF)V = —B(U, PV) +fB(U, V). (14)

We set dim M =n + 1, dimD = h and dim D+ = p.
It is known the following remarkable result (cf. e.g. [49] p. 55): In order
for a submanifold M, tangent to the structure vector field €, of a Sasakian

manifold M to be a contact CR submanifold, it is necessary and sufficient
that FP = 0.

Lemma 2.2. Let M be a contact CR submanifold of a Sasakian
manifold M. Then for any Z,W € D+ we have

ApzW — ApwZ = n(W)Z —n(Z)W (15)
(Vi P)Z = (V2 P)W. (16)

In [49] it is proved that the distribution D+ is always completely in-
tegrable. The idea of the proof is to show that ¢[Z, W] = F[Z, W] for all
Z,W € D+,

In the following we will suppose that £ € D.

Lemma 2.3. Let M be a contact C'R submanifold of a Sasakian man-
ifold M with & € D. Then the following three statements are equivalent.

(i) B(X,PY)= B(PX,Y) VX,Y € D
(ii) §(B(X,PY),$Z) = §(B(PX,Y),0Z) VX,Y € D, ¥Z € D+
(iii) D is completely integrable.

PrOOF. We will sketch out only the implication (ii) = (iii).

Since B(X, PY)—B(PX,Y) = (Vy F)X—(VxF)Y it follows that [X,Y] €
D for all X,Y € D. (For details see also [9].) O

Let now N+ be a leaf of anti-invariant distribution D+. We may state
the following

Proposition 2.1. A necessary and sufficient condition for the sub-
manifold N+ to be totally geodesic in M is that

3 (B(H(M),Di), ¢Di> —0. (17)

(2)
PRrROOF. Denote by V the Levi-Civita connection on N L. Denote
also by oy the second fundamental form of N+ in M and let Z, W € D+
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2)
(i.e. tangent to N1). The Gauss formula is VW = YV zW + 09(Z,W).
With X € D we can write

(2)
9(02(Z,W),X) =g(VzW = VW, X) = g(VzW, X) = —g(W,VzX).

= Suppose N is totally geodesic in M (i.e. o = 0) and thus,
g(VzX, W) =0, for all X € D and Z,W € D*. Since D is invariant we
can replace in the equality above X by ¢X. One obtains

0=g(Vz(6X), W) = §(Vz(¢X) — B(Z,6X),W) = —§(B(Z, X), oW)

ie. (17).

<«: Conversely, suppose we have g(B(X,Z),¢pW) = 0 for all X € H(M)
and for all Z,W € D+. Doing the computation in the same manner as
above one obtains

g(Vz(¢X), W) =0, VX e H(M), VZ,W e D*.

Replacing X by ¢X and taking into account that H(M) C ker n one
has g(02(Z,W),X) = 0. The component of o9(Z, W) along & vanishes
since n(o2(Z,W)) = —g(W,Vz{) = —g(W,FZ) = 0. It follows that
oo(Z,W) = 0, VZ, W € DL which means that N1 is totally geodesic
in M. ]

A contact CR submanifold M in a Sasakian manifold M (with £ € D)
is called strictly proper if dim H(M) > 0 and dim D+ > 0.

Proposition 2.2. Let M be a strictly proper contact C'R submanifold
of a Sasakian space form M*™*1(c). If the second fundamental form of M
satisfies the classical Codazzi equation then ¢ = 1.

PrOOF. The proof follows easily from Lemma 1. g

We give the following definition: A contact C'R submanifold M of a
Sasakian manifold M is called contact CR product if it is locally a Rie-
mannian product of a ¢-invariant submanifold N7 tangent to ¢ and a
totally real submanifold N Loof M ,i.e. Nt is ¢ anti-invariant submanifold
of M.
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Let us remark that in [36] N.Papaghiuc used the notion of semi-
tnvariant product, according to the terminology semi-invariant subman-
ifolds in Sasakian manifolds (for further details we refer to [8], [9], [37]).

Let v be the complementary orthogonal subbundle of ¢D~ in the nor-
mal bundle T'(M)~+. Thus we have the following direct sum decomposition

T(M)* = ¢D+ @ v. (18)

Lemma 2.4. Let M be a contact C R submanifold in a Sasakian
manifold M with & € D. Then for all X,Y € D we have ¢B(X,Y) €
Dlaov.

PRrROOF. The proof is based on the remark that ¢ = v. Since B is
normal to M and n(D+) = 0 we easily get the statement. O

In view of B. Y. Chen’s characterization of C'R-products in Kéhlerian
manifolds (cf. [19], I, theorem 4.1: A C'R-submanifold of a Kdhlerian man-
ifold M is a CR-product if and only if P is parallel, i.e. VP = 0) it is
natural to study the contact C R-submanifolds M in Sasakian manifolds
M (with ¢ € D) satisfying VP = 0.

First of all suppose that the distribution D contains another vector
field except &, non zero and belonging to kern; call it Xy. Let us take

U,V € DNkern. It follows that
0= (VuP)V =t B(U,V) — g(U, V)&.

As we have already seen ¢pB(U,V) € D+ @ v and thus t B(U,V) belongs
to D+ while f B(U,V) belongs to v. We get g(U, V)¢ € D+ for all U,V €
D Nker n. If we take U = V = X we obtain a contradiction (because
9(Xo,X0) # 0 and £ € D). The conclusion is that we cannot have this
situation. Consequently, D = span [£] and thus D is completely integrable.
Moreover, H(M) is empty and the condition (17) is automatically fulfilled
which yields to the totally geodesy of the orthogonal distribution (more
precisely of its integral manifold N+). Since N7 (the integral curve of £) is
obvious totally geodesic in M it follows that M is (locally) a Riemannian
product between N7 and N+. We can state now the following theorem.

Theoz‘gm 2.1. Let M be a contact C R-submanifold of a Sasakian
manifold M with & € D and VP = (0. Then M is a contact C R-product
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between an integral curve of ¢ and a ¢-anti-invariant submanifold N+
of M.

In the sequel we give a tensorial characterization for a contact C'R
submanifold to be a contact C'R product. Thus, we prove the following

Theorem 2.2. Let M be a contact C'R submanifold of a Sasakian
manifold M and set & €D. Then M is a contact CR product if and only
if P satisfies

(VuP)V = —g(Up,V)§+n(V)Up (19)

for all U,V tangent to M where Up is the D-component of U.

PROOF. =: Since ¢ = P on N7 the Gauss formula becomes
(Vx¢)Y = (VxP)Y + B(X,PY) — ¢B(X,Y) with X,Y € NT. Due to

the Sasakian structure of M we obtain (VxP)Y = —g(X,Y){+n(Y)X +
¢B(X,Y) — B(X, PY). Taking the component in D one gets

(VxP)Y = —g(X,Y)E+n(Y)X. (20)

Consider now Z € N+ and Y € NT. Making similar computations as
above we can prove

(VzP)Y =0. (21)
As consequence

B(Z,PY)=¢B(Z,Y)+n(Y)Z, YY ecNT ZecNt (22

Now it is easy to show that (Vi P)Z =0 for all U € x(M), Z € D+ and
hence the conclusion.

<: Let us prove the converse, i.e. suppose we have satisfied (19) and
prove that M is a contact C'R product. Consider U = X, V = Z with
X € D and Z € D*. The relation (19) becomes (VxP)Z = 0 and by
using (13) we obtain tB(X,Z) = —ApzX. Considering U = Z, V = X
(with X, Z as above) we obtain (VzP)X = 0. Using again (13) we obtain
tB(Z,X) = —n(X)Z. Thus one gets

ArzX =n(X)Z (23)

forall X € Dand Z € D+ After the computations we obtain §(B(X, PY)—
B(PX,Y),¢Z) = 0. From Lemma 2.3 it follows that the distribution
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D is completely integrable. Denote by NT and N+ the leaves of two
distributions D and D, respectively (the orthogonal distribution D+ is

always completely integrable). Let X € H(M), Z,W € D*. Due to (23)
we have

9(B(X, 2),oW) = g(Apw X, Z) = g(n(X)W, Z) = n(X)g(W, Z) = 0.

Thus, by virtue of the Proposition 2.1, Nt is totally geodesic in M. Let
now X,Y € D (i.e. tangent to NT). From (13) and (19) we obtain
tB(X,Y) = 0. If Z € D we have

0=g(tB(X.Y), Z) = —§(VxY.0Z)
= 3(Y.(Vx9)Z) + §(Y.¢Vx Z) = —g(¢Y,Vx Z).
Replacing Y by ¢Y (since D is invariant by ¢) one obtains 0 = g(Y, Vx Z)—
n(Y)g(&,VxZ). But g(&§,VxZ) =0,s0 g(Y,VxZ) =0 forall X,Y € D
and Z € D+. Tt follows that g(VxY, Z) = 0 which means that N7 is also

totally geodesic in M. We may conclude that M is a contact C'R product
in M. ]

Remark 2.1. A similar calculus as in Lemma 2.4 leads to B(X,Y) € v
and ¢B(X,Y) = B(X, PY) for all X,Y tangent to N7. On N7 we have
an induced Sasakian structure.

It can be proved, independently of the previous theorem the following

Proposition 2.3. Let M be a contact C' R-submanifold in a Sasakian
manifold M?>™+1 with ¢ € D. Then M is a contact CR product if and
only if

ApzX =n(X)Z (24)
for all X € D and Z € D+.

PRrROOF. First we shall prove the converse. Suppose that (24) holds.
We have

9J(B(X,Z), W) = g(Asw X, Z) = n(X)g(Z,W) = 0,
VX e HM), YZ,WeD

From Proposition 2.1 we get that N+ (the integral manifold of D+) is
totally geodesic in M.
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Consider now X,Y € D and Z € D+. We have §(B(X,¢Y),$Z) =
G(Apz X, 8Y) = §(n(X)Z,¢Y) = 0. Similarly §(B(Y,$X),¢Z) = 0 and
by Lemma 2.3 it follows that D is completely integrable. To prove that
NT (the integral manifold of D) is totally geodesic in M we will prove that
VxY belongs to NT for all X,Y tangent to N7. We have ¢(VxY,Z) =
—g(Y,VxZ). On the other hand, from the hypothesis g(B(X,Y), ¢Z) = 0.
Then

J(B(X,Y),0Z) = —3§(Y,Vx(¢2)) = §(¢Y,Vx Z) = §(¢Y,Vx Z).

So, we obtain g(¢Y,VxZ) =0,VX,Y € D,¥Z € D+. But g(¢,VxZ) =0
and hence g(Y,VxZ) = 0. We may conclude now that VxY € N7 for all
X,Y € NT. Therefore the two integral manifolds N7 and N1 are both
totally geodesic in M. Consequently, M is locally a Riemannian product
of N7 and Nt

To prove the direct implication we have to take into account the totally
geodesy of N7 and N+. Using the Gauss formula we get 5(6 xY,¢0Z) =
J(B(X,Y),¢Z) with X,Y € D and Z € Dt. The right side is exactly
9(ApzX,Y) while the left side equals to

X(G(Y,02)) - §(Y,Vx(62)) = §(¢Y,Vx Z) = —g(Vx(¢Y), Z) = 0.

It follows that Aszz X € DL, Again by using the Gauss formula we obtain
after the computations

n(X)g(Z, W) = g(Asz X, W).

Taking into account that A,z X € D+ it follows AgzX = n(X)Z. This
completes the proof. O

The next result is a geometric description of contact C'R products in
Sasakian space forms.

Theorem 2.3. Let M be a complete, generic, simply connected con-
tact C R submanifold of a complete, simply connected Sasakian space form
M2m+1(0). If M is a contact C'R product then either ¢ # —3 and M is a
¢ anti-invariant submanifold of M case in which M is locally a Riemann-
ian product of an integral curve of ¢ and a totally real submanifold N-*
of M, or ¢ = —3 and M is locally a Riemannian product of R***! and
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N+ where R?**1! is endowed with the usual Sasakian structure and N* is
a totally real submanifold of R*™ %1 (with the usual Sasakian structure).
[Here 2s = dim H(M).]

PrROOF. Since M is generic it follows that £ € D. By Remark 2.1
we have B(X,Y) = 0 (for all X,Y € D) and ApzX = n(X)Z (for all
X € Dand Z € D). Since T(M)*+ = ¢D* and B € T(M)* by us-
ing the Weingarten formula we immediately see that g(B(X, Z),pW) =
9(Apw X, Z) = n(X)g(W,Z). Consequently B(X,Z) = n(X)¢Z for all
X € D and Z € D'. By using similar arguments we can show that
B(U,PV) =0 for all U,V € T(M).

By making use of (9) we obtain for X, U,V € T'(M):

(VxB)(U, PV) = —B(U, (VxP)V + PVxV)
= g(Xp,V)B(U,§) —n(V)B(U, Xp)
= [9(Xp, Vp) = n(Vp)n(Xp)] FU.

Thus
(VxB)(U,PV)=g(PX,PV) FU (25)

for all X,U,V € T(M). Substitute in (8) Z by PZ (with Z € T(M)
arbitrary) the following identity holds:

(VxB)(Y,PZ)—(VyB)(X,PZ)= %{g(PY, PZ)FX—g¢(PX,PZ) FY).

Combining with (25) the relation above yields to

C —

1
—{9(PY,PZ)FX —g(PX,PZ)FY}

g(PX,PZ)FY —g(PY,PZ)FX =

which is equivalent to

¢ Z S (G(PY. PZ)FX — g(PX,PZ)FY} =0, VX,Y.Zc T(M). (26)

Now we have to discuss two situations: ¢ # —3 and ¢ = —3.

Case 1. From the equation (26) we obtain
g(PY,PZ)FX — g(PX,PZ)FY =0, V X|Y,Z € T(M). Since M is
generic we have F' # 0 and it is not difficult to prove that P = 0. Thus
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M is ¢-anti-invariant. Moreover, by Theorem 2.2 we can say that M is
a contact C'R product between an integral curve of § and a totally real
submanifold N+ of M.

Case 2. From [11] we know that M2™+1 is equivalent to R2™ 1 with the
usual Sasakian structure (see for details [35]). M is a contact C'R product
of the invariant submanifold N7 and the anti-invariant submanifold N+,
Since N7 is totally geodesic in M and B(X,Y) = 0 for all X,Y € D then
NT is totally geodesic in M. Thus, from [49], Theorem 1.3, p. 49 it follows
that M has constant ¢ sectional curvature ¢ = —3. Since M is simply
connected and since M is the Riemannian product of N7 and N+ it follows
that N7 is simply connected. It is also known that the completeness of
the product manifold inherits the completeness of the two factors. Thus,
from [11] it follows that N7 is equivalent to R" where h = 2s + 1, with
2s = dim H(M). So, M is locally a Riemannian product of R?**!1 and
N, where Nt is a ¢-anti-invariant submanifold of R+, g

The notion of holomorphic bisectional curvature on Kéahlerian man-
ifolds (see [28]) was extended to ¢ holomorphic bisectional curvature in
Sasakian manifolds. Let Hg(U, V) be the ¢-holomorphic bisectional cur-
vature of the plane U AV, i.e.

Hp(U,V) = R(¢U,U, ¢V, V) for U,V € T(M). (27)
For later use we give the following

Lemma 2.5. Let M be a contact C'R product of a Sasakian manifold
M?"+1 Then, for any unit vector fields X € D and Z € D+ we have

Hp(X,2) =2 (IBX.2)| - 1). (28)
Proor. We have I;TB(X, Z)=qg(¢Z, (E¢>X,X Z)*). Using the equation
of Codazzi and the definition of VB we get:
Hp(X,Z) =§(6Z,VixB(X,Z) — B(V4xX,Z) — B(X,V4xZ))
~9(02,VxB(¢X,Z) - B(Vx(¢X). Z) — B(¢X,VxZ)).

Since N7 is parallel and by using the relation g§(¢W,B(X,Z)) =
n(X)gW,Z), ¥ X € D, ¥ Z,W € D+ (obtained in the proof of Theo-
rem 2.2) we deduce

Hp(X,Z) = §(¢Z,Vix B(X, 2)) — §(¢Z,Vx B(pX, Z)) + n([X, ¢X]).
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After some computations one obtains

Hp(X,Z) = (¢X)(n(X)) + n([X, ¢X]) — 29(¢B(¢X, Z), B(X, Z)).
Due to the Sasakian structure of M we have
1= g(X, X) = di(X, $X) +n(X)*
= —% {(6X)(n(X)) +n([X, 6X])} +n(X)?
and hence
(6X)(n(X)) +n([X, 6X]) = =2 (1 —n(X)?) . (29)

In order to compute g(¢B(¢pX, Z), B(X, Z)) we find firstly that the normal
component of pB(¢pX, Z) is n(X)pZ — B(Z, X ). Consequently
§(¢B(¢X,Z2),B(X,Z)) = n(X)* — | B(X, Z)||* which ends the proof. [

Notice that Hg(U,¢) = 0 and B(U,£) = FU. So, when we will refer to
the ¢-holomorphic bisectional curvature of the plane U AV we intend that
this plane is orthogonal to £&. Thus for X in the above lemma we can sup-
pose that it belongs to H(M). Moreover, since the ¢-holomorphic planes
(X, ¢X) and (Z,$Z) in Ty(M), x € M, are orthogonal, then Hg(X, Z) is
called ¢-holomorphic special bisectional curvature (cf. e.g. [34], [45]).

Theorem 2.4. Let M be a Sasakian manifold with the ¢ holomor-
phic bisectional curvature less strictly than —2. Then every contact CR
product M in M is either an invariant submanifold or an anti-invariant
submanifold, case in which M is (locally) a Riemannian product of an
integral curve of £ and a ¢-anti-invariant submanifold of M.

PROOF. If dim H(M) > 0 then, by taking X € H(M) and Z € D+,
from the previous lemma we get a contradiction. So, either dim H(M) =0
or dim D+ = 0. The second part of the theorem follows from Theorem 2.2.

d

Proposition 2.4. a) Let M2™1(¢) be a Sasakian space form and let
X, Z be two unit vector fields orthogonal to £&. Then the ¢-holomorphic
bisectional curvature of the plane X A Z is given by

~ c—1 c+1

§(6X,Z)%. (30)
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b) Let M be a contact CR submanifold of a Sasakian space form
M 2m+l(c). Then the ¢-holomorphic bisectional curvature of the plane
X A Z, where X € H(M) and Z € D+ are unit vector fields, is given by
the formula o1

Hp(X.Z) = —5—. (31)

Consequently, if c = —3 then fIB(X, Z) = —2. In this case it follows that
B(X,Z) =0 forall X € H(M) and Z € D*.

PRroOOF. Direct calculations. O

Corollary 2.1. Let M2m+1(0), ¢ < —3 be a Sasakian space form.
Then there exists no strictly proper contact C'R product in M.

Corollary 2.2. Let M?™*! be a Sasakian manifold with Hp > —2
and let M be a strictly proper contact C R product in M. Then B(D, D+)#0
and hence M is never totally geodesic in M.

We prove now a inequality satisfied by the norm of the second funda-
mental form of a contact C'R product in Sasakian space form. So we give
the following theorem.

Theorem 2.5. Let M2m+1(0) be a Sasakian space form and let M =
NT x Nt be a contact CR product in M. Then the norm of the second
fundamental form of M satisfies the inequality

IBII* = p((c+3)s +2). (32)

The equality sign holds if and only if both NT and N+ are totally geodesic
in M.

PrOOF. For X € H(M) and Z € Dt we have |B(X,Z)|? = <2 .
Thus

IBII* = | B(D, D)|* + | B(D+,D4)||* + 2||B(D, D)|* > 2|B(D, DY)

2s D D
= 2(2 SIBX Za) P+ Y HB(f,Za)\P) — 9 (C;?’ s 1)
a=1

i=1 a=1

where {X;} and {Z,} are orthonormal basis in H (M) and D+ respectively.
The equality sign holds if and only if B(D,D) = 0 and B(D+,D*) = 0,
which is equivalent to the totally geodesy of N7 and N-+. O
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In the following we will give an example in which the equality sign
holds.

Consider the odd spheres $2**! and S?P*! naturally embedded in Eu-
clidian spaces R2(6tD and R2(P+1) respectively. Take the Riemannian
product S?5t! x §2P+1 and the application r : §25F1 x §2p+l ., g2m+l

given as follows

r
(x()’yO’ <oy Lsy Ys; U, VO, - - - 7up7vp) ( sy LjlUa — YjVa, TjUq +yju0¢7 .. )

where m = sp + s + p. Here the sphere S?"*! is also embedded in the
Euclidian space R2™*1)_ On these spheres we have the usual Sasakian
structures and the map r has the property that it is an isometric immer-
sion and maps the Sasakian structure of each sphere component into the
Sasakian structure of S?"*1. It is known the fact that the natural almost
complex structure on the product manifold is integrable since the contact
structures on spheres are normal. Moreover the Hermitian structure is not
Kahlerian (cf. e.g. [11]).

Let now L be a linear subspace of dimension p + 1 in R2®+1) and
passing by the origin such that JL is orthogonal to L (here J is the natu-
ral complex structure of R2P*+1)). We also know that the structure vector
field is obtained by multiplication with J of the position vector field. So
we obtain (as intersection of L with the sphere S?’*1) a p dimensional
sphere which is normal to the structure vector field (see [11]). Now, ap-
plying Proposition 1.1, p. 43 from [49] we get that SP is ¢-anti-invariant
submanifold.

Consider now M = S§25t1 x §p — G2s+1  g2p+1 T, G2m+1 - e
obtain a contact C'R product in S+ and we have that S2**! and SP are
totally geodesic in S?"*+!. Consequently the equality holds.

In the end of this section we obtain the smallest dimension for a Sa-
sakian space form M’ 2m+1(¢) which admits a contact CR product. The
above example will show us that this estimation for the dimension is the
best possible. First we prove the following proposition.

Proposition 2.5. Let M = N7 x N1 be a contact CR submanifold
in a Sasakian space form M 2m+l(e),
a) If X, Y are unitary and orthogonal belonging to H(M) and Z is
unitary in D+ then
(B(X,Z),B(Y,Z)) =0.
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b) If{X,Y } and {Z, W} are two pairs of unitary and orthogonal vector
fields belonging to H(M) and D+ respectively, then

(B(X, Z), B(Y,W)) = 0.
PRrROOF. Easy calculation. O

Let M be a strictly proper contact C R product. From Proposition 2.1
we know that B(H (M), D) € v. If dim D+ = p = 1 then let {X;};=1.. 2
be an orthonormal basis in H(M) and let Z be a unitary vector field
in DL, From the statement a) in the proposition above we have that
(B(X;,2),B(X), Z)) = 0 which show that, if ¢ # =3, {B(X;,2)} is an
orthogonal system. Thus dimv > 2s.

If dimD+ = p > 2, let {X;}j=1,..2s and {Z4}a=1,. p be orthonormal
basis in H(M) and D+ respectively. From statement b), with similar
arguments, {B(Xj;,Z,)} is an orthogonal system in v. We deduce that
dimv > 2sp. But this is still available even in the first case.

We establish:

Theorem 2.6. Let M be a strictly proper contact C'R product in a
Sasakian space form M?™*'(c), with ¢ # —3. Then

m>sp+s+p. (33)

Proor. We know: {B(X;,Z,)}, i =1,...,25, a =1,...,pis a lin-
early independent system in v and B(¢, Z,) = ¢Z, € ¢D*. Counting the
dimensions we obtain (33). O

Let us remark that since the example S2T1 x §P — §2mF1 with
m = sp + s + p satisfies the equality case it follows that the estimation in
(33) is the best possible.

A particular example is the product of spheres S3 and S'. The last
one is obtained by S® C R? intersected with the 2-plane L spanned by
{(1,0,0,0),(0,0,0,1)} which has the property that JL is orthogonal to L.
So we obtain the sphere S1 = {(u,0,0,v) € R*: u? +v? = 1}. The vector
field Z = (—v,0,0,u) is a generator for the tangent space of S! at an
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arbitrary point. The isometric immersion is given by
r: 83 x st — &7
T(Cﬂl, Y1,T2,Y2,U, U) - (xlu) y1u, —Y1v, 10, T2U, Y2u, —Y2v, IEQ’U).

It is easy to check that r.§; = & (where & and £ are the structure vector
fields on S3 and S7 respectively, as Sasakian manifolds). We also can verify
that r, H (M) is orthogonal to r.Z and ¢r.Z is normal to r(S® x S1). So
we have a contact CR product in S”.

We will see that this example is quite important. First we will give a
kind of converse of Theorem 2.5. Hence we give the following

Theorem 2.7. /Ift M = NT x Nt be a contact CR product in a
Sasakian space form M?"*1(c), ¢ # —3. Let dim N7 = 2s+1, dim N+ = p
and suppose that m = sp+s+p. Then N7 is a totally geodesic submanifold
in M.

PRrROOF. The idea of the proof is to apply again the equation of Gauss.
A basic calculus leads us to

(B(X, W), B(Y,U)) = (B(Y, W), B(X,U)) (%)

for any X,Y,U tangent to N7 and W tangent to N1. In the sequel we
consider X,U € H(M). We have

<B(¢X7 W)vB(Xv U)> = <B(X7 W)vB(¢X7 U)> = _<¢B(X7 W)vB(Xv U)>

For any X tangent to N7 (including ¢) and W tangent to N+ we easily
observe that
B(¢X, W) =n(X)W + ¢B(X,W).

So (¢pB(X,U), B(X,W)) vanishes for all X,U € D, W € D*. Conse-
quently (B(X,¢U), B(X,W)) vanishes too, and hence, according to (*)
one gets

(B(X,U),B(Y,W))=0, VYX,Y,UeH(M), YW € D+ (s5)

Consider orthonormal basis {X;} and {Z,} in H(M) and D respectively,
and since m = sp+ s+ p then {B(X}, Z,)} form a basis in v. The relation
(*x) yields to B(X,U) =0 for all X,U € H(M). But B(§,U) = FU =0
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for U € D and since N T is totally geodesic in M it follows that N7 is also
totally geodesic in M. O

Corollary 2.3. Let M = N7 x Nt be a strictly proper contact CR
product in S7. Then M is a Riemannian product between the sphere
S3 and a curve. Moreover, if the norm of the second fundamental form
of M satisfies the equality case in the inequality we have that M is the
Riemannian product between S® and S*.

PrROOF. We have sp+s+p < 3sos =p =1 and we are in the
case of the ‘minimum dimension’. Thus N7 is totally geodesic in S7 and
having dimension 3 is the sphere S3. The ¢ anti-invariant manifold N
has dimension 1, so it is a curve. If the equality case is satisfied then
both N7 and N+t are totally geodesic in S and thus M is a Riemannian
product between S3 and S'. In this situation || B|| = /6. O

We end this section with the following

Theorem 2.8. Let M = N7 x Nt be a strictly proper contact CR
product in 87 whose second fundamental form has the norm /6. Then M
is the Riemannian product between S* and S' and, up to a rigid transfor-
mation of R® the embedding is given by

r:S83x st — &7 (34)
r(z1,y1, T2, Y2, U, V) = (T1U, Y1U, —Y10, T1V, ToU, YU, —Y2U, TV).

PROOF. We are interested to find the equations of the isometrical
immersion

S3x 8T I ST (z,y,zt) s (X, X, AR)

where S7 is thought to be embedded in R® and thus we have Z§:1 X?=1.

The Levi-Civita connection on the sphere S is V= tan(%) where %
is the flat connection on the Euclidian space R® and tan denotes the pro-
jection operator on the tangent bundle of the sphere. Notice that (z,y, z)
and t are the spherical coordinates on the two spheres S3 and S* respec-

1 2
tively. If V and V are the Levi—Civita connections on the two spheres,
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we have
(1 0 0 1 0 ; 0 1 0 ;
Ve ar " Vagy T BTy Vaa T 8Ty
1 . 0 1 0 0
Va% a—y:smxcosx%, Va% a——tgy& (35)
% g = sin z cos x cos? y— + siny cos y—
% 0z Yor 4 y@y
2 0
V% En =0. (36)

Then V Ry at ( o — I > X2 8t2 )821 and from the totally geodesy
of St in S7 we get

0?X
XIZXJ 8t2J = 0. (37)

8t2

The isometry condition yields to

> (%)2 =1 (38)

J
and consequently one gets > ; X; aaigf = —1. Thus we obtain the following
PDE equation system:
O’ Xy
Xr=0 39
atg + A7 = ( )
with the solution
Xr = aycost + Brsint, (40)

where ay, 3; are smooth functions on S3. From (38) we have

Z (a% sint + 87 cos® t — 2a B sint cos t) =1 for all t.
I

Consequently we obtain

daj=1, > fi=1 > aifi=0. (41)
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By using the totally geodesy of the sphere S3 in S” Gauss equation

V., orZ=r %a 2 — 0 yields to 2 + X, =0 From (40) one gets
Tx 5 *Ox * = Oz Yy 922 I . g

ar=arcosx +brsinr, (B =crcosz+drsinz (42)

where az, by, cr, dr are smooth functions on S® depending on y and z.
Hence

Xr = (arcosx + brsinx) cost + (cycosx + drsin ) sin t. (43)
By (41) the following relations hold:

Sajf=Ybi=1 Y=Y di=1, Yab=Ycd=0

(44)
ZCL[C[ = Zb[d[ =0, Z(a[d] + b[C]) =0.

2

From the isometry condition <7“*8%, r*a%> = <a%, 8%) = cos® x we obtain

> (68—);[)2 = cos® z. (45)

. 1
In the same way, Gauss equation VT* 2 r*a% =r, V 2 a% yields to the
Yy Yy
following PDE system
— X =si —_— . 46
7 + cos”x X7 = sinx cos x B (46)

Replacing (43) in (46) and taking into account that sin and cos are inde-
pendently functions we obtain

82(1[ ab[
6y2 + afr ) 8y2 ’
; (47)
19} Cr adl
_— pr— —_— = 0
ay2 + CI ) ayQ
with the solution
aj = Arcosy + Brsiny, by =Cry—+ Dy,
(48)

c; = FErcosy+ Frsiny, dy=Gry+ Hy
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where Ay, By, Cy, Dy, Er, Fr, Gy, Hy are C*° functions depending on z
and satisfying

Cr=Gr =0, 1

Y Di=> Hi=) Aj=> Bi=) Ef=> F/=1

> AB; =) E/F;=Y AD;=Y BD; =) EH
= FiH =) AiE; =0 (49)

> BiFy =) DiH; =0,

> (ArF; + BiE;) =Y (AjH; + E(Dy)

= Z(B]H] +F[D]) =0.

Thus we have

Xr = [(Arcosy + Brsiny)cosx + Dysinz|cost

(50)
+ [(Ercosy + Fysiny) cosx + Hysinz]sint.
Finally, using the isometry condition (r, %, T %) = (%, %) = cos? wcos? y

we get
0xr\?
E (6—1) = cos? z cos? Y.
z

Similarly as above we use the Gauss equation Vr* 9 r*% =7r.Vao % and

22 22
obtain the equation
O* Xy )
+ cos
022

Replacing (50) in (51), after straightforward computations we obtain the
following PDE system

0X 0
zcos’y Xj = sinacosx cos?y — + sinycosy —r. (51)
Oz dy

A[//—l—A[ =0, B[” =0, D[” =0, E[”—l—E] =0, F[” =0, H[” = 0. (52)
The solution of this system is given by
Aj = Arcosz+ ursinz, By =vrz+71, Dy =¢12+ pr

- N (53)
Er = )\[COSZ+ﬁ[SiDZ, Fr=vrz+77, Hp :gjz—f—ﬁj
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where Ar, ur, Y1, 71, €1, P1, A\I, 101, V1, TI, €1, p1 are some real constants.
Moreover, we have

Yr=er =14 =2 =0,
ORI 3 3y B SV ol
=Y M=) m=1
S dipr =Y Mfir =Y A=Y =3 M7=y jirf
=> Mpr=Y_ ppr =0

- ~ (54)
M mipr =Y Nipr =Y fupr =Y Fipr =y _AAi = prfir
= ZTﬁI = Zplﬁl =0
Y Orir + Arpr) = Y AT+ Armr) = Y (i + )
= (Arpr+ A1pr) =0
> (wrpr + firpr) =Y _(r1p1 + Tipr) = 0. ]
We can write at this moment the expression of the immersion r
Xr = {[(Arcosz + prsinz)cosy + 7rsiny| cos x + prsinx} cost
(55)

+ {[(\f cos z + iy sin z) cos y + 7 siny] cos z + py sinx} sin ¢.

Now we use the coordinates of the Euclidian spaces in which the two
spheres are embedded, namely x1 = cosx cosy cos z, y; = COS T COs ¥ sin 2,
To = cosxsiny, yo = sinx; u = cost, v = sint . Consequently, the
immersion r can be written as

X1 = (A\1z1 + prys + 119 + prya)u + (A\rx1 + firys + T1xe + pryz)v. (56)

We ask 7.&; = &€ (in any point of S?), where £; and ¢ are the structure
vector fields of the Sasakian structures on S and S7, respectively. We
have

~ - - - 0
&1 = |y1(Aru+Arv) =z (pru+ o) +yo (tru+7r0) —$2(P1U+Plv)] 9,
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Identifying with the components of £ one obtains

Aok—1 = Mok, Aok—1 = Mok, H2k—1= —A2k, Mok—1 = —A2k
(57)
T2k—1 = P2ks  T2k—1 = P2ks P2k—1 = —T2k, P2k—1 = —T2k
for k =1,2,3,4. Now we impose the initial conditions.

1. Let po = (1,0,0,0;1,0) € S x S' and let ¢o = (1,0,...,0) € S”. In
order to have r(pg) = gop we use (56) and we obtain

)\1:1 and )‘2::)\8:0 (58)
By virtue of (57) one gets
po=1 and puy=pu3=...=pug=0. (59)

2. Let X; = (—z2, yo2,21, —u1) € X(5?).
We ask 7y 5, X1, = (0,0,0,0,1,0,0,0). (Remark that this vector is tan-
gent to the sphere S7 in gp.) We obtain

T5=0 and T1=...=T4=T6=7'7=7'8=0. (60)

and consequently,

pe=1 and py=...=p;5=p;=ps=0. (61)
3. Consider now Z = (—v, u) € x(S1).
In pg we set 74 p, Zp, = (0,0,0,1,0,0,0,0) € TQOS7. Hence, we get

X4:1 and X1:X2:X3:X5:...:)\8:O (62)

and using (57) we have also

/73:—1 and /71:/72:;&4:...:”8:

e

(63)

We shall use the relations (54). First, we get 74 = 0 and 73 = 0 and
as consequence pgs = 0 and p3 = 0. Then we can prove that 75 = 0,
6 =0,77 =0 T =0, pp =0and po = 0. The orthogonality condition
TepZp L &y (for all p € 83 x S1) yields to 7¢ = 0 and p5 = 0. Denote
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77 = ps = A and 7y = —py = B, where A, B are real constants which
verify A% + B? = 1. Finally, the immersion r is given by

r(x1,y1, T2, Y2, u,v) = (T1U, Y1U, —Y10, L1V, ToU, You, ATV

64
— Bysv, Bxav + Ayav). (64)

Thus, after a rigid transformation (the rotation (7AB ﬁ) applied to the last

two components in R®) we get the conclusion. O

3. CR warped product submanifolds
in Sasakian manifolds

The main purpose of this section is devoted to the presentation of
some properties of warped product contact C'R submanifolds in Sasakian
manifolds. The notion of warped product (or, more generally warped bun-
dle) was introduced by Bishop and O’Neill in [10] in order to construct
a large variety of manifolds of negative curvature. For example, negative
space forms can easily be constructed in this way from flat space forms.
Along the years the interest was to find an analogous of classical de Rham
theorem to warped products. A result was proved by Hiepko and we used
it in order to give a characterization of warped product contact C'R sub-
manifolds in Sasakian manifolds.

Let B, F be two Riemannian manifolds with Riemannian metrics gp
and gp respectively. Let f > 0 be a smooth positive function on B and
consider B x F' the product manifold. Let m; : B x F' — B and my :
B x F — F be the canonical projections. We give the following definition:
the manifold M = B x; I is called warped product if it is equipped with
the Riemannian structure such that

X1 = [l (GON1? + f2(m1 () |2, (X)) (65)
for all X € T,,(M), € M, or, equivalently,
9=98+f* gr (66)

with the usual meaning. In this case, f is called the warped function on
the warped product.
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By following an idea of B. Y. Chen we give

Theorem 3.1. Let M be a Sasakian manifold and let M = Nt X 5
NT be a warped product CR submanifold such that N+ is a totally real
submanifold and N is ¢ holomorphic (invariant) of M. Then M is a CR
product.

PROOF. Let X be tangent to N7 and let Z be a vector field tangent
to Nt. From the Levi-Civita formula we find that VxZ = (ZIn f) X.
Now we distinguish two cases:

Case 1: ¢ is tangent to N*. Take Z = £. Since Vyxé = PX = ¢X it
follows X = (¢In f) X. But this is impossible if dim N7 # 0.

Case 2: £ is tangent to NT. Take X = £. Since Vz¢ = PZ = 0 and
Vz€ = VeZ (€ is tangent to N7 while Z is tangent to N1) one gets
0 = Z(In f)¢ and hence Z(In f) = 0 for all Z tangent to N. Consequently
f is constant and thus the warped product above is nothing but a product
N* x Nf where N{ is the manifold N™ with the metric f?gyr which is
homothetic with the original metric. O

The previous theorem shows that do not exist warped product contact
CR submanifolds in the form N+ x ;N T other than contact C'R products
such that N7 is a ¢-invariant submanifold and N+ is a totally real sub-
manifold of M. This is the reason that from now on we will consider
warped product contact CR submanifolds in the form N7T x i N L. We
give the following definition: A contact C'R submanifold M of a Sasakian
manifold M , tangent to the structure vector field £ is called a contact CR
warped product if it is the warped product N7 x N L of an invariant sub-
manifold N7, tangent to ¢ and a totally real submanifold N+ of M (where
f is the warped function).

Sometimes we will use ( , ) for all three metrics g, gy7, gy (When
there is no confusion).

Limma 3.1. Let M be a contact C' R submanifold in Sasakian man-
ifold M?™+! such that £ € D. Then we have

9(VuZ,X) = §(¢pAszU,X), VX €D, VZ €D+, YU € T(M); (67)

ApzW = Ayw Z, VZ,W € D (68)
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ApuX +A,(0X) =0, VX €D, Vpcv. (69)

PROOF. Let us prove the first formula. We have

§(6As2U, X) = G(Vu(9Z) - VE(9Z), 6X)
=§(-9(U, 2)¢ + n(2)U,¢X) + §(¢Vu Z, $X)
=§(VuZ,X) - n(VuZ)n(X)
=§(VuZ,X) = n(X)(U§(2,) — §(2,Vue))
=9(VuZ,X) + n(X)§(Z,¢U) = g(Vu Z, X).

In order to prove the formula (68) let us take U € T'(M). We have
9(AgzW,U) = g(W, Z)n(U) + 3(VwZ, ¢U).

Hence g(AgzW — Ayw Z,U) = g([W,Z],¢U). Due to the integrability
of DL, [Z,W] € D+ while ¢U € D @ ¢D*. It follows that g(AyzzW —
Apw Z,U) =0 for all U tangent to M. From here we have the formula.
For the proof of (69) we have g(A4,X,U) = —g(u, ¢V xU) and
9(Au(¢X),U) = g(p, 9V X), with U € T(M). Tt follows that g(Ag, X +
Au(¢X),U) =0 so, Ag, X +A,(¢X)=0,VX €D,V cv. O

Lemma 3.2. If M = NT X f N+ s a contact CR warped product
in a Sasakian manifold M then

(B(D,D),¢D*) =0 (70)
VxZ=VzX=X(Inf)Z (71)
for X tangent to NT and Z tangent to N-*;
&) =0 (72)
(B(¢X, 2),oW) = (X In f)(Z, W) (73)
for X tangent to NT and Z,W tangent to N=.

PRrROOF. Consider X,Y € D and Z € DL. Then

(B(X,Y),$Z) = (VxY,¢Z) = (¢Y,VxZ) = —(Vx(¢Y), Z)) = 0.
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Take now X tangent to N7 and Z tangent to N-. We have that
(VxZ,Y) = 0 for all Y tangent to N so, VxZ is tangent to N*. By
using Levi—Civita formula and the orthogonality of the two distributions
one gets 29(VxZ, W) = X(f%gn.(Z,W)). But gy. depends only of the
points of N+ so we obtain

29(Vx 2, W) =2f X(f)gn+ (2, W) = 2X(In f)g(Z, W).

Recall that V& = PU. Tt follows that V¢ = 0 for all Z tangent to N-t.
Combining with (71) one gets {(f) = 0.
To prove the last statement we will use (67):

(B(oX,Z),oW) = (Asw Z,¢X) = —(Vz W, X) = X(In f)(Z,W).
This ends the proof of this lemma. O

In the following we give a characterization of the contact C'R warped
product in Sasakian manifold, an analogue of Proposition 2.3. We have the
following result of S. HIEPKO (cf. e.g. [30]): Let F be a vector subbundle in
the tangent bundle of a Riemannian manifold M and let F* be its normal
bundle. Assume that the two distributions are both involutive and the inte-
gral manifold of F (resp. F-) are extrinsic spheres (resp. totally geodesic).
Then M is locally isometric to a warped product N1 X ¢ No. Moreover, if
M is simply connected and complete there exists a global isometry of M
with a warped product.

Theorem 3.2 (of characterization). A strictly proper CR subman-
ifold M of a Sasakian manifold M, and tangent to the structure vector
field & is locally a contact C R warped product if and only if

ApzX = ((X) = (6X)(n)) Z, X €D, ZeD* (74)
for some function p on M satisfying Wy = 0 for all W € D+,

PROOF. “==:" Let M = N7 x; N+ be a (locally) contact CR warped
product and let X € D, Z € D It can be easily proved that 9(ApzX,Y)=0
for all Y € D which shows that A,;7X belongs to DL, Take W € D+. We
get

9(Asz X, W) = [n(X) = (6X)(In )] g(W, Z)
from which we obtain the conclusion where p = In f.
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“=:" Let us prove now the converse. Suppose that A4z X = (n(X)—
(¢X)(1))Z. We get easily that

9(B(X,Y),90Z) =0 and g (B(X,W),¢Z) = (n(X) — (6X)(n)) 9(2Z, W)

where X,Y € D and Z,W € DL. In the second equality replacing X by
¢X (since D is ¢ invariant) we obtain

9(B(pX,W),¢Z) = (X () — n(X)E(w)) g(Z,W).

So if X € H(M) we get g(B(¢X,W),0Z) = X(n)g(Z, W) (%)
and if X = £ we obtain a trivial identity. From now on we will consider
X e HM).

From the proof of the Proposition 2.3 we have that the distribution D
is integrable and the integral manifold N7 is totally geodesic in M. On
the other hand by Lemma 2.6 and (x) we obtain

Let N be the integral manifold of DL. Let oy be the second fundamental
form of N+ in M. Computing g(VzW, X) in two ways one gets
JQ(Z’ W) = —(grad :U’)gNJ-(Z’ W)

(since the action of a vector from D+ to u vanishes). Thus D+ is totally
umbilical in M. The spherical condition (see e.g. [24]) is fulfilled

g(Vz(grad p),X) =0, YZeD' XeD.

So, we conclude that D is an extrinsic sphere. Now we apply the result
of S. Hiepko and obtain that M is locally isometric to a warped product
NT x; Nt O

If M is simply connected and complete then the result of previous
theorem is globally.

3.1. A good geometric inequality for contact C R-warped product
in Sasakian space form.

For M a Riemannian manifold of dimension k& and a a smooth function
on M we recall
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1. Va, the gradient of a is defined by
(Va, X) = X(a), VX € x(M) (75)

2. Aa, the laplacian of a is defined by

k
Aa = Z {(Ve,ej)a—ejej(a)} = —divVa (76)
j=1
where V is the Levi-Civita connection on M and {ej,...,ex} is an or-

thonormal frame on M.
As consequence, we have

k
IVal® =) (ej(a)*. (77)
j=1
Theorem 3.3. Let M = NT X5 N+ be a contact CR warped product
of a Sasakian space form M2m+1(0) and let h =2s+1=dim N7 and p =
dim N+. Then the second fundamental form of M satisfies the following
inequality

3
B2 > 2 IV 7P - A g+ 52 1] (79)
Proor. We have
2541 p
1B, DH|? =D > IBX;. Za)I? (79)
7j=1 a=1
where {X;},_15;77 and {Za},_1 are (local) orthonormal frames on N T

and N1, respectively. On NT we w111 consider a ¢-adapted orthonormal
frame, namely {e;, qbej,f}jzl—ﬁ.

We have to evaluate | B(X, Z)||? with X € D and Z € D+. The second
fundamental form B(X,Y’) is normal to M so, it splits into two orthogonal
components

B(X,Z) = Byp1(X,Z) + B,(X, Z) (80)
where Byp1 (X, Z) € ¢D+ and B,(X,Z) € v. So

IB(X, Z)II? = | Byp- (X, 2)|* + | B.(X, 2)|*. (81)
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If X =& we have B(¢,Z) = FZ = ¢Z. Hence
B(j)DL(gaZ) = gbZ: Bl/(gaZ) = 0. (82)

Consider now X € H(M) and let us compute the norm of the ¢D+-com-
ponent of B(X,Z). We have

||‘B(1>DL (X’ Z)H2 = <‘B(1>DL (X’ Z)’ B(X’ Z)>
By using relation (73), after the computations, we obtain

1Bypr (X, Z)|* = = [(6X)(In )] ($Z, B(X, 2)) = [(¢X)(In f)]* (Z. Z).

So )
1Bype (€5, Za)I* = ((¢e;)(In £))",
(83)
1Bype (dej, Za)lI* = (e;(In £))*.
On the other hand, from (77) we have
IVIn fI? = (ejn f)? + ) [(¢ej)(In f)J? (84)
j=1 j=1

since {(In f) = 0. Finally we can compute the norm || B,p. (D, D)%

Thus

|Byp (D, D) = Z {IIByp= (€5, Za)|I” + | Bypr (¢e5, Za)|I* }
1
é—lj;
+Z||B¢DL (& Za)lI” = Z\IVlnf\I2+Z\I¢Z I
a=1

Since ||¢Z,||* = 1 we can conclude that
1By (D, DH)? =p {IVIn f|* +1} (85)
Let us compute now the norm of the v-component of B(X, Z). We have
IB,(X, 2)|* = (B,(X, Z), B(X, Z)) = (Ap,(x,2) X, Z).
By using formula (69) we can write Ap, (x,2)X = Agp, (x,2)(¢X) so
1BL(X, 2)|* = (¢B(X, Z) = 6Byp+(X, 2), B(¢X, Z)).
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Since ¢Byp1 (X, Z) belongs to DL we obtain
IB.(X, 2)|> = 9(6B(X, Z), B(9X, Z)), X € H(M), ZeD+. (86)
Consider the tensor field Hg. As we already have seen
ﬁB(X, Z) =((VexB)(X,2)-(VxB)(¢X,Z2),0Z), XecH(M), Z¢c D+

Using the definition of V B, developing the expression above we obtain six
terms:

Ty :=(VixB(X,2),¢Z) Ty:=—(B(VyxX,Z2),0Z)
Ty: = —(B(X,Vyx2),0Z) Ti:=—(VxB(6X,2),¢Z)
Ts : = (B(Vx(¢X), 2),¢Z) Ts:=(B(¢X,VxZ),oZ).

We will write the expressions of all these terms.
In order to compute T we remark first that n(VyxX) = | X|?> and
after the computations we get

Ty = | Z|* {(¢Vex X)(n f) - IX[*} . (87)
Then, it is not difficult to show that we have

T3 = [(¢X)(In f)PPIZ|I* and Ts = (X In f)*| 2] (88)
As above, we write down firstly 7(Vx (¢X)) = —||X||2. It follows
Ts = —[1Z|]? {(6Vx (X)) (In f) + | X[} - (89)

We direct our attention to the first and the fourth terms:
Ty = §(VexB(X, Z),¢Z)
= —(6X) ((6X)(n )1 ZI?) - § (B(X, 2). Vox (62))
Ty = §(-VyxB(X, 2), $7)
=X (X p)|IZ|?) + G(B(¢X, 2), Vx(62)).
We also have

(@X)(eX) (I FIZ]?) = 1211 {(#X)*(In £) + 2[(¢X) (In £)]* }
X((XIn )| Z]]?) = 12| {X*(n f) + 2(X In f)?}



Warped product contact C'R-submanifolds 109

and
{aB(x 2),Vox(02)) = = [(6X)(In )| Z|*~(6B(X, 2), B(¢X, 2))
J(B(¢X,2),Vx(¢2)) = (X In )| Z||* + (B(¢X, 2),$B(X, Z)).
Let us sum now T} and Ty; we obtain
Ty + Ty = —|| Z|*{(¢X)*(In f) + X*(In f)
+[(6X)(In )P + (X In )’} + 2(B(¢X, Z), ¢ B(X, Z)).
If we sum the third and the sixth terms we get
Ty + T = || Z* {{(¢X)(In /)] + (X In f)*}.
In the same way we have
Ty +Ts = || Z|* {(Vex X)(In f) = (6Vx(¢X))(In £) — 2[|X*} .
Consequently
Hp(X, 2) = | Z]*{(¢Vex X)(In f) — (6Vx (X))(In f)

—(¢X)*(In f) — X*(In f) — 2| X|*} (90)
+2(B(¢X,Z),6B(X, 2)).

It is not difficult to prove
(@VexX)(In f) = (Vx (¢X))(In f),

(91)
¢Vx(¢X))(In f) = =(VxX)(In f).
Using (86) and (91) the expression of Hg(X, Z) becomes
Hp(X, Z) = | ZIP{(Vox (6X))(In f) + (Vx X)(In f) = (¢X)*(In f) (92)
= X*(In f) = 2| X7} + 2/ B, (X, Z)|.
It is time to work with orthonormal frames. Thus
[ Hp(ej, Za) = (Voe,($¢)))(In f) + (Ve,e5)(In f) = (¢e;)*(In f)
—3(In f) = 24 2||By (¢, Za) |*Hp(d¢;, Za)
(93)

= (Ve,e)(In f) + (Vge, (¢e5))(In f) — €5 (In f)

= (¢e;)*(In f) = 2+ 2| B, (¢e;, Za)|*-
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On the other hand we have

s

Alln f) =Y ((Vese5)(In f) — €3 (In f))
j=1

S

+ 37 (Ve (de) (0 f) = (de;)*(In f))

j=1
since {(In f) = 0. Taking the sum in the two relations of (93) one gets
- s D p
2D, D lIBu(ej, Zo)I? = ZHB ¢ 2,
j=1 a=1 j=1 a=1

—pA(ln f) + 2sp

(94)
S P s p _
25" S IBube, Z)IP = S0 S Hploey,
j=1 a=1 Jj=1 a=1
i — pA(In f) 4 2sp.

Using (31) we can write that

QZZ{HB e, Za)||” + | Bu(dej, Za)|*} = (c+ 3)sp — 2pA(In f).

7j=1 a=1
Finally we conclude that B satisfies the inequality. O

Corollary 3.1. Let M = N7 X5 N be a contact CR warped prod-
uct in a Sasakian space form MQm“(c) and suppose NT' to be compact.
Denote by dvr and vol (NT) the volume element and the volume on N7T.
Let A1 be the first non zero eigenvalue of the Laplacian on NT. Then

/ HBHdeTZ(2p+(c+3)sp)vol(NT)+2p)\1/ (In f)2dvr. (95)
NT NT

PROOF. From the minimum principle we have

/ IV In f[2dvr > A / (In f)2dvr. (96)
NT NT

Now we have to integrate on N7 the inequality satisfied by the norm of B
and obtain immediately the formula (95). O
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Corollary 3.2. Suppose that M(c) is a Sasakian space form of type 3,
i.e. it is a product between R and a simply connected bounded domain
B™ in C™ endowed with a Kahler structure with constant holomorphic
sectional curvature k < 0. Then the function In f is subharmonic, i.e.
Aln f <0.

PRrROOF. From the proof of Theorem 3.3 we have the following relation

ZZZ{HB ey Zo)||? + || Bu(dej, Za)|I*} = (¢ + 3)sp — 2p AIn f).

j=la=1

Since the left side of the equality is greater than zero and ¢ = k — 3 one
gets ksp — 2p Alnf > 0. Hence Aln f < % < 0 which completes the
proof. O

Corollary 3.3. Suppose that M(c) is a Sasakian space form of type 2,
ie. M = R+ with the usual Sasakian structure with constant -
sectional curvature ¢ = —3. Then we have
(a) The function In f is a subharmonic function, i.e. Aln f <0

(b) The function In f is harmonic if and only if B(D,D+) C ¢D*.

PrOOF. We use the same relation as in Corollary 2.2 and the state-
ment (a) follows immediately. The harmonicity of the function In f is
equivalent with B, (ej, Zy) = 0, B,(¢e;, Zy) = 0 for all j =1,...,s and
a=1,...,p. This means that B,(D,D*) =0, i.e. B(D,D+) c ¢D+. O

Suppose that in previous two corollaries the manifold N7 is compact.
It follows easily that f is a constant function and M becomes a contact
CR product.

In the following we will prove a general inequality satisfied by the
norm of the second fundamental form B of a contact C'R warped product
in Sasakian manifolds (which are not necessary Sasakian space forms).

Theorem 3.4. Let M = N7 X g N+ be a contact CR warped product
in a Sasakian manifold M. We have

(1) The norm of the second fundamental form of M satisfies
1BI* = 2p (IIV1In f[[* + 1) (97)

where V1n f is the gradient of In f and p = dim N-*.
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(2) If the equality sign in (97) holds identically, then N7 is a totally
geodesic submanifold and Nt is a totally umbilical submanifold of M.
The product manifold M is a minimal submanifold in M. Moreover if
M = R2™+! with the usual Sasakian structure then In f is a superharmonic
function, i.e. Aln f > 0.

(3) The case TM+ = ¢D+. If p > 1 then the equality sign in (97)
holds identically if and only if N+ is a totally umbilical submanifold of M.
(4) If p = 1 then the equality sign in (97) holds identically if and only
if the characteristic vector field ¢ of M satisfies A ¢ = —pVin f —&.

(Notice that in this case, M is a hypersurface in M with the unitary normal
vector field denoted by pu.)

PROOF. (1) As in the proof of the previous theorem we can write

IBI? = | B, D)|* +2 (1 Byps (D, D) + | B,(D, DY) )
+ B, DY)

We have already proved that || Byp. (D, DF)||? = p {||VIn f||* + 1}. Hence
we obtain the inequality. (We mention here that even if in the theorem
used the manifold M was a Sasakian space form, the equality is still valid.)

(2) Assume now the equality sign holds identically. It follows
B(D,D)=0, B(D:H,DY)=0, B,(D,D'Y)=0. (98)

Since N7 is totally geodesic in M, the first condition in (98) shows that
NT is totally geodesic in M. Denote by o9 the second fundamental forms
of N+ in M. We have g(VzW, X) = g(02(Z, W), X) for X tangent to N7.
On the other hand ¢(VzW, X) = —g(W, X(In f)Z) = —g(Z,W)X(In f).
Next, one gets 02(Z, W) =—g(Z, W)V (In f) (because o5 is tangent to NT).
It follows that Nt is totally umbilical in M. By using Gauss formula it
follows that N+ is also totally umbilical in M.

Finally, since B(D,D) = 0 and B(D*,D+) = 0 it follows that the
mean curvature of M vanishes, so M is minimal in M.

When M = R2m+! we get easily the result from the Theorem 3.3 (if
the manifold N7 is compact then f is a constant).
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(3) If the equality sign holds identically, the statement follows from
(2). We must prove the converse, i.e. N+ totally umbilical in M implies
the equality sign.

We have from Lemma 3.2 that (B(D,D),¢D+) = 0. So, since
T(M)*+ = ¢D+ and B(D,D) C T(M)* it follows that B(D, D) = 0.

If N1 is totally umbilical in M , then there exists a vector field H ,
normal to N+ (in M ) such that the second fundamental form o5 of N+
in M satisfies 52(Z, W) = gni(Z,W)H. Since 65(Z, W) = 04(Z, W) +
B(Z,W) and since N is totally umbilical in M = N7 x; Nt (and hence
02(Z,W) = gn1(Z,W)H; for some Hs normal to N+ in M) it follows
that there exists a vector field N, normal to M (in M obviously) such
that B(Z, W) = gy1(Z,W)N. Take Z, W in D+ unitary and orthogonal
(in Nt) (we can do this since p > 1). Applying Lemma 2.1, statement 2,
we deduce (N, W) = (AygzW,Z) = 0 (since Z, W are orthogonal). But
N € T(M)*+ = ¢D+. Taking W = —¢N we get N = 0, so B(Z,W)=0 for all
Z,W € D+ and hence B(D+,D+) = 0. The third condition (B(D, D) C
#D1) which assures our conclusion is automatically satisfied.

(4) If p = 1 we have dim(7,(M))*+ = 1 for all x € M; thus M it is
a hypersurface in M. Let p the unit normal vector field of M (in M ).
It follows that Z = ¢u is tangent to M and unitary. Moreover we have
D+ = span[Z].

Suppose B(D+,D+) = 0; this means B(Z,Z) = 0. Thus we have
(Au,Z,Z)=0. It follows that A,Z € D. Let X € D. We have

(4.2, X) = (V2 X, =62) = (V2(6X) = n(X)Z, Z) = (¢X)(In f) — n(X).
Consider an adapted frame on D : {e;, ¢e;,&}. We can write 4,7 =
Yoaie; + Y Bide; + € and so A, Z = aipe; + ) (—pFi)e;. We have

i = (pALZ, pe;) = (V(In f), pei), —Bi = (A Z,e;) = (V(In f), e;)

It follows that ¢pA,Z = VIn f. Consequently A,Z = —¢VIn f+n(A,2)E.
But U(AMZ) = <AMZ, §> = _77(5) =-1

Conversely one has that A, Z belongs to D and so (4,7, Z) = 0 which
is equivalent to B(Z, Z) = 0. O

For contact C R warped products in Sasakian space forms we have the
following
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Proposition 3.1. Let M = N7 X 5 N+t be a non-trivial (i.e. f non
constant) complete, simply connected, contact C R warped product those
second fundamental form satisfies | B||* = 2p (|[V1n f||? + 1) in a Sasakian

space form M>"+1(c). We have

(1) NT is a totally geodesic Sasakian submanifold of MQWH(C). Thus
NT is a Sasakian space form NT2S+1(C).

(2) Nt is a totally umbilical totally real submanifold of M Imtl(e).
Hence, N is a real space form of constant sectional curvature. Denote it
by e.

(3) If p > 1, the function f satisfies

c+3
4

PROOF. (1) From the theorem above we have that N7 is totally geo-
desic submanifold in M?™!(c). By using Proposition 1.3, p. 49 from [49],
it follows that N7 is of constant ¢-sectional curvature c.

IVA? = e~ 2. (99)

(2) Also from the above theorem we have that N is totally umbilical
submanifold in M?™*!(c). Denoting by

H=—-V(nf) (100)

we remark that the second fundamental form of N+ in M can be written
as 09(Z, W) =g(Z,W) H.

As fis C® on NT and g|yr = gnr let us remark that [|[VIn f||? €
C>®(NT).

The curvature tensor of Sasakian space form M is given by

c+3

RywZ = (W, Z2)V —g(V, Z)W)

since n|y1 vanishes and Nt is ¢-anti-invariant (here V, W, Z are tangent
to N+). Now, taking into account that g(V, 2) = g(V, Z) = f?gy.(V, Z)
for all V, Z tangent to N+ we can write

RywZ = P gy (W, Z2)V = gyo(V, 2)W) . (101)

4
On the other hand it can be easily proved

RywZ = RYwZ + f* {gno(Z,W)VvH — gno (V, Z)Viw H}
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But V,W € N+, H € NT so VyH = H(ln f)V and VyH = H(ln f)V.
We also have H(In f) = —||H||?>. Hence,

RvwZ = RYyZ — fH|? {gno(Z. W)V — gyo (V. Z)W}
+ 2 {gn2(Z,W)B(V. H) — gno(V, Z)B(W, H)} .

From (101) we have that Ry Z is tangent to M so one obtains
~ 4
RywZ = RYwZ — V(0 )| {gn2 (Z, W)V — gy (V,Z)W}  (102)

and
g (Z,W)B(V,H) = gy1(V, Z)B(W, H)

103
for all V, Z, W tangent to Nt (103)

The relations (101) and (102) yield to

1 c+3
Rz = 12 (74 IV D ) s (2. WV = g (V. 237},
The coefficient depends on the points of N7 so, it is a constant (with
respect to N1). Tt follows that Nt is of constant sectional curvature.
Denoting it by € we have

€= f> (% +||VIn f||2) . (104)

Since f is not constant (and so VIn f # 0) it follows that ¢ > f2 % .

(3) The statement follows easily from (104). We know that VIn f =
LV s0, e = /2 &8 + VS| =

In the case that M2m+1 = R2m+1 with the usual Sasakian structure,
then ¢ = —3 and thus e = ||V f||> which means that N+ is a space form
with positive curvature.
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3.2. An example of contact C R-warped product in R2™+1!
satisfying the “good” equality which does not satisfy
IBI> = 2p (IV(In £)]|* + 1).

Let R?**! be the Sasakian space form of ¢ sectional curvature —3
(cf. [35]). Let SP C RP*! be the unit sphere immersed in the Euclidian
space RPTL. Let R?™*! be also the Sasakian space form where m = ph+s
with h a positive integer, 1 < h < s.

Consider the map 7 : R x P — R?™*! defined by

0

0 1 0
T(xl)yla"'7xsaysazaw , W a"'va) — (w T, w yla"'a/wpxl)wpyl)”’

cee )woxh) U/Oyha cee ,’wprh, wpyh) Th+1sYh+1s- -3 Ts, Ys, Z)
where (w%)? 4+ (w')?2+ ...+ (wP)? = 1. On R?™*! we consider the (local)
coordinates

(X7, Y Xo, Yo, Z}, a=0,...,p, j=1,...,h, a=h+1,...;s.

With this notation the equations of the map r are given by

7

Xza = /waxi) Yo = wayi)
T
Xo = Tq, Yo =Y, £ =12

Proposition 3.2. We have

(1) r is an isometric immersion between the warped product R**1 x ¢

SP and R?>™+!. The warped function is f = %\/Z?:l(x? + y2).

(2) R2+! js a ¢ invariant submanifold in R+ j.e. ¢(r,T(R2H1)) C
r T(R2*Y) (we put ~ for structures on R*™*1).

(3) SP is a 5 anti-invariant submanifold in R*"*! i.e, gg(r*T(SP)) C
(rT(SP))*

PROOF. (1) An ordinary exercise shows that r is an immersion and
g(rX,mY)or = g(X,Y) for X,Y tangent to R?>**1. A vector field
Z =7 aga is tangent to SP if and only if ) w*Z“ = 0. Doing the com-
putations one gets that ~ g(r.Z,r,W) = % S (@242 ( P 0 ZOWe) =
FPore+1(Z, W)  where Z,W are vector fields tangent to the sphere SP.
Then, it is easy to prove that g(r.X,r.Z) vanishes for all X tangent to

R?*! and Z tangent to SP. Thus we have the statement.
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(2) Let us remark that ¢(r,X) = r,(¢X) which means that ¢ =
¢‘R25+1 .

(3) Let Z be a tangent vector field on Sp C RPHL given by Z =
oz 8w0‘ Wlth the tangency condition Y w*Z* = 0. We have gb( «Z) =
Zz,a VA (wz 3ve — Yigxe BXQ ) Making the computations we obtain that
§(r.X, ¢(r.Z)) and §(r«W, ¢(r,.Z)) vanish (X is tangent to R2+! and W is
tangent to the sphere). This means that ¢(r.Z) is normal to r(R?**T!x (SP)
and hence S? is ¢-anti-invariant submanifold in R*™+!, O

Proposition 3.3. The second fundamental form of the warped prod-
uct R**1 x ¢ SP in R*™! satisfies

IB|? =2p{|[VIn f||* — Aln f +1}.
PrROOF. On R?™*! we will consider the vector fields

A —2(8)(&"‘}/;&32)73&_233& fora=1,...,pandi=1,...,s and

similarly A,, B, for a =h+1,...,m. Denote by E: 28%. We have

reAi= ZwO‘Af‘, reB;= ZwO‘Bf‘, reAg=Aa, 71:Bq= B, r.=€
« «

(we denote with the same letters the vector fields A, and B, on R2H1 and

R?™*1 respectively). Let Z be a vector field tangent to the sphere SP. We
have

g _ Ty 2 _Yiy
Vige ~apt Vigy = aph Vigy =0
0 0
Vza—ya—(), VZ&—O

Since r.Z = 33", Z% (2;A2 + y; B®) we obtain by using the Gauss for-
mula V,, zrA; = S, Z°A% and V,, zr.B; = ., Z*B®. Hence

A) = S0y 2% | (8 - 5 ) A3 - 52 B2
B(Z,Bi) = }.q,; 2° [ IPAT + <5z‘j Z}?) BO‘]
Let us take Z unitary (on the product manifold). We get

1 w} 1 vi
A= (1-15). IBEBIP =7 (1- L)
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IB(Z,II° =1, ||B(Z,Ad)|* =1B(Z,B,)|]> =0.

So, | B(D,D4)||? = 525 (2h—1)+p. But B(D,D) = 0 and B(D+,D+) = 0.

T2f?
h
It follows that | B||> =2p (%—i— 1). Note that V In f:# > (xiAi—i-yiBi)
i=1
and thus ||[VInf||? = % Making the usual computations we obtain
Aln f = f_22 (1 —h). This ends the proof. O
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