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Inclusion relations of hyperbolic type metric balls

By RIKU KLEN (Turku) and MATTI VUORINEN (Turku)

Abstract. We will consider inclusion of metric balls defined by the quasihyper-
bolic, the j-metric and the chordal metric. The quasihyperbolic metric and the j-metric
are considered in general subdomains of R™ and in some particular domains like R™\ {0}
and the upper half-space.

1. Introduction

In classical complex analysis several metrics are used in addition to the Eu-
clidean metric. Perhaps the most important are the hyperbolic and the chordal
metrics [HMM], [KL]. While studying quasiconformal mappings in R™, n > 2,
F. W. GEHRING and B. P. PALkA [GP] introduced the quasihyperbolic metric
which has become one of the standard metrics in higher dimensional geometric
function theory [H], [Va], [Vu2]. Due to the absense of a useful counterpart of
the Riemann mapping theorem in the higher dimensional context, the hyperbolic
metric is not sufficient for the needs of mapping theory, and consequently the
quasihyperbolic and related "hyperbolic type” metrics (such as the distance ra-
tio and the Apollonian metrics) have been studied by many authors [HIMPS].
General properties of metric structures have been studied recently by A. PA-
PADOPOULOS and M. TROYANOV in several papers, see e.g. [PT].

For the formulation of our basic problem we consider metric spaces (X, d;),
j = 1,2, and suppose that the metrics are topologically compatible. This means
that for a fixed x € X and r > 0 there exist m, M > 0 such that

By, (z,m) C Bg,(z,7) C By, (z, M)
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where By, (z,m) stands for the ball {z € X : di(x,z) < m}. Note that usually
m and M depend on both z and r. The purpose of this paper is to study this
type of set theoretic inclusion properties for metric balls for the case when X is
a subdomain of R™ and the metrics are of ”hyperbolic type”.

We say that a curve v : [0,1] — X is a geodesic segment of the metric space
(X,d), if for all t € (0,1) we have

d(v(0),7(t)) + d(v(£),~(1)) = d(~(0),7(1)).

A metric space is geodesic, if for every pair of points there exists a geodesic
segment joining them.

We now proceed to define several of these metrics which enables us to for-
mulate the main theorem.

For a domain G C R™, n > 2 and a continuous function w : G — (0, 00) we
define the w-length of a rectifiable arc v C G by

ul) = [ w(e)id,

and the w-metric by

where the infimum is taken over all rectifiable curves in G joining x and y.

The quasihyperbolic metric is obtained from (1.1) with w(x) = 1/d(x), where
d(x) is the Euclidean distance between = and G, and we denote this metric by k¢-.
By [GO] the metric space (G, k¢g) is always geodesic. Note that in a half-space
the quasihyperbolic metric coincides with the hyperbolic metric and therefore the
formula of the hyperbolic metric (4.1) applies to the quasihyperbolic metric as
well.

The distance ratio metric or j-metric in a proper subdomain G of the Eu-
clidean space R", n > 2, is defined by

_ B |z — 9
je(x,y) = log (1 + mm{d(fﬂ)ad(y)}) ’

where d(x) is the Euclidean distance between = and 0G.

If the domain G is understood from the context we use the notation j in-
stead of jg and k instead of kg. The distance ratio metric was first introduced
by F. W. GEHRING and B. G. OscooDp [GO] and in the above form by M.
VUORINEN [Vul]. The metric space (G, jg) is not geodesic for any domain G
[K1, Theorem 2.10].



Inclusion relations of hyperbolic type metric balls 291

The chordal metric in R* = R® U {co} is defined by

|z —yl
VIFPyT+y?
1

V12

The following theorem is our main result and it is proved at the end of

x # 00 #y,
q(z,y) =

Yy = 00.

Section 4.

Theorem 1.2. Let G be a proper subdomain of R", x € G and denote
rq(a) = min{1/y/1+ [2[2, |2[/y/1 +[z[2 }.
1) Let G =R™\ {0} and r € (0,7/2). Then

Bj(z,m1) C By(x,7),

where
r
mp = log (1 + 2sin§) .

2) For G =R"™\ {0} and r € (0,74(x)) we have
Bj(x,m2) C Bg(x,r) and By(x,msa) C By(z,r),

ma = lo —— .
2 g 1,2

where

3) Let G =H" and r > 0. Then

Bj(x,m3) C By(z,r),

where
ms3 = log (1 + ﬁm) .
4) For G =H", r € (0,ry(z)) and x with x1 = x9 =--- = x,—1 = 0 we have
Bj(x,m4) C By(x,r) and Byg(x,ms) C By(z,r),
where

2r 272
m4:10g 1+]_—7"2 y m5=10g 1+ﬁ .

It is obvious that this type of theorem is expected to hold not only for the
metrics considered above but for numerous other metrics as well. One step in this
direction is [M]. We hope to return to this topic in later papers.
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2. General domain

Throughout the paper B™(z,r) denotes the Euclidean open ball in R™.

In this section we consider inclusions of the quasihyperbolic and the j-metric
balls in general subdomains of R™. F. W. GEHRING and B. P. PALKA have
showed [GP, Lemma 2.1] that for any domain G C R"

i(@,y) < k(z,y)
for all x,y € G, which is equivalent to
By (z,r) C Bj(x,r) (2.1)

for all z € G and r > 0. The following proposition is an easy consequence of [S,
Theorem 3.8] and [Vu2, (3.9)].

Proposition 2.2. Let G C R™ be a domain and r € (0,1og2). Then
Bj(x,m) C Bi(z,r) C Bj(z,r) C Bi(x, M)

where
m=1log(2—e ")
and

M:log2 .
_e’f’

Moreover, the second inclusion is sharp and M/m — 1 asr — 0.

PROOF. Clearly m > 0 and since r € (0,1log2) we also have M > 0. By [S,
Theorem 3.8]
Bj(z,r) C B"(x,(e" — 1)d(x)) (2.3)

and by [Vu2, (3.9)]
B"(z,(1 —e ")d(x)) C Bi(z,r) C B™(z,(e" — 1)d(x)). (2.4)
By (2.1), (2.3) and (2.4) we have
Bj(xz,m) C B"(z,(e™ —1)d(z)) = B"(z, (1 — e ")d(x)) C Bi(x,r)
C Bj(z,r) € B"(z,(e" — 1)d(z)) = B"(x, (1 — e M)d(x))
C Bk(l’,M)
Fix ¢ € G and let z € 9G be any point with d(z) = |z — z|. Choose
y € OBg(z,7) N [z,2]. Now d(y) = d(z) — |z — y| and j(z,y) = k(z,y) implying

y € 0Bj(x,r). Thus, the inclusion By (z,r) C Bj(x,r) is sharp.
By I’'Hopital’s rule, the assertion follows. (|
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Proposition 2.2 is true in all subdomains of R™. In the following sections we
consider similar inclusions and find better radii of the metric balls in some specific
domains.

Remark 2.5. Let m and M be as in Proposition 2.2. We indicate that m
and M can be estimated by a linear function. It is possible to show that for
r € (0,1og 2)

1+-<—<1+2r

r
m

N3

and for r € (0,1/2)

M
.

1+r< <145

el

<143r, and 1+4+2r<

3. Punctured space

In this section we will consider inclusion of metric balls defined by the met-
rics ¢, jo and kg for G = R™ \ {0}. Before considering inclusion of metric balls
we introduce a lemma for the chordal metric.

Lemma 3.1 ([AVV, Lemma 7.16]). For € R™ and r € (0,1/+/1+ |z|?)
we have
By(z,r) = B"(y, s)

and for x € R™ and r € (1//1+ |z|%, 1)

Bq($7r) = R"\Bn(y78),

where
T 7‘(1+|x|2)m
Y=g oy and s= > I
1—r2(1+|z?) 1 —r2(1+ |z|?)]

The chordal ball B,(z,r) is either a half-space or the complement of a closed
Euclidean ball whenever r» > 1/4/14 |2]|2. On the other hand, the chordal
ball By(x,r) contains 0 whenever r > |z|/y/1+ |z]2. Since we do not want
either of the cases to occur it is natural to assume that r < rq(z) for r¢(z) =
min{1//1 + |z|?, |x|/+/1 + |z|?}. Note that the selection of r implies that r <
1/ V2 and

r 1—r2

—_—_— < < —. 3.2
We will now consider inclusion of the j-metric and the quasihyperbolic metric

balls.
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Theorem 3.3. Let G =R"\ {0}, z € G and r € (0,7/2). Then
Bj(xz,m) C Bi(z,r),

where .
m = log (1+2sin§) .

Moreover, the inclusion is sharp and r/m — 1 as r — 0.

PROOF. Let y € Bj(z,m) and assume first that |z| < |y|. Now |z —y| <
|z|(e™ — 1) = 2|z|sin(r/2) = k(z,z) for z € OBg(z,r) and |z| = |z|. For all
u € OBy (z,r) with |u| > |z| we have |x — u| > |z — 2| by [K2, Lemma 4.9] and
therefore y € By(x,r). If |x| > |y| we have y € By(x,r) by the previous case and
the fact that the quasihyperbolic and j-metric balls are invariant under inversion
about origin.

We show that m is sharp. We choose y € 0By (x,r) with |y| = |z|. Now

j(w,y) = log <1+ |x_y|) = log <1+2|I|Sin(”/2)> —m

|| ||

and m is sharp.
Finally, we show that r/m — 1 as r — 0. By I’'Hopital’s rule we have

lim T lim 1+ 2sin(r/2)

=1
r—0m r—0 COS(T/Q)

and the assertion follows. ]
Corollary 3.4. Let G =R"\ {0}, z € G and r € (0,log3). Then

Bj(z,r) C Bi(z, M),
where

T—1
M:Qarcsine .

Moreover, the inclusion is sharp and M/r — 1 as r — 0.

Remark 3.5. Let m be as in Theorem 3.3 and M be as in Corollary 3.4. It
is possible to show that for r € (0,7/2)

1+

wl =
IN
S
IN
—
+
N3

and for r € (0,1/2)

N3
A
sl
A
o
_|_
3



Inclusion relations of hyperbolic type metric balls 295

Figure 1. An example of inclusions of quasihyperbolic disks (black)
and j-metric disks (gray) in punctured plane. The black dot is the
center of the disks and the small circle denotes the origin. The radius
of the quasihyperbolic disks is 0.75.

Results of Theorem 3.3 and Corollary 3.4 are illustrated in the planar case
in Figure 1.

Remark 3.6. We show that the radius m; = log(1 + 2sin(r/2)) of Theo-
rem 3.3 is better than the radius mg = log(2 — e™") of Proposition 2.2, namely
we show that the function

1+ 2sin(r/2)

f(r) =log(1l+ 2sin(r/2)) — log(2 —e™") = log g

is positive on (0,log3). The inequality f(r) > 0 is equivalent to (1 + 2sin(r/2))/
(2 —e7") > 1 and therefore it is sufficient to show that g(r) = (1 + 2sin(r/2))/
(2 — e™") is increasing and g(0) = 1. Since ¢'(r) > 0 is equivalent to h(r) > 0
for h(r) = (2¢" — 1) cos(r/2) — 2(1 + sin(r/2)) and h(0) = 0, we need to show
that h'(r) > 0. Because h'(r) > 0 is equivalent to 2 > tan(r/2), it is true for
r € (0,log3). Clearly g(0) =1 and the assertion follows.

We will next consider inclusion of the j-metric and the chordal metric balls.

Theorem 3.7. Let G =R"\ {0}, z € G and r € (0,rq(x)). Then

Bj(ZE,m) C Bq(xar) - Bj($7M)a

=tog (1 (1l + 7))

where
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and L )
o T= 20l
ol = rVT= (1 +[af)
- VI —72(1 + |2
log ol + 7 ri+ jzl) for |z| > 1.

z|(1=r2(1+ [z[?)
Moreover, the inclusions are sharp and M/m — 1 asr — 0.

PROOF. Let us first show that B;(xz,m) C By(z,r). We assume y € B;(z, m),
which is equivalent to

M <r <|x| + 1) :
min{|xz|, [y|} 2|

2
2 2 2 1
r2min|af, y2} (|2l + 7 ) ol } (14 [2]2)

2 2 .
x, < =7r"min< 1,
4(@y) T P+ P { 2 § (T o)

and thus

<72

Therefore y € By(z, 7).
Let us then show that By(x,r) C B;(z, M). Since r < 1/4/1 + |z|?, we have
by Lemma 3.1
By(z,r) = B"(y, s), (3.8)

where y = cz, ¢ = ¢(z,r) > 1, and s is depending only on x and r. By (3.8)
and [K1, p. 285] it is clear that for minimal M such that By(z,r) C Bj(z, M)
we have 0By(z,7) N O0B;(z, M) C {z € G : z = zt, t > 0}. In other words it is
sufficient to show that

Iyl + s < |z|e™ and |y| —s > |z]e” M. (3.9

Before proving (3.9) we observe that since

y|? — 5% = 2> —r? —r?[a]?
1—1r2

=~ Rap?

we have that |z| < 1 is equivalent to |z|/(ly| —s) > (Jy| + s)/|z| and |z| > 1 is
equivalent to |z|/(ly| — s) < (|y| + s)/|z|. Now we have for |z| <1

yl+s o lel 20 -r0+12) _ u

< = =e
[zl Tyl =5zl = VI =21+ [2f?)
and for |z| > 1

ol _lyl+s a4 rvi-r2 04 j2P) | oy
lyl=s |z (1 = r2(1 + []?))
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and the inequalities of (3.9) hold true.
We show that m is sharp. We choose y € G with |y| = |z| and ¢(x,y) = r.
Now | —y| = r(1 + |z|?) and
j(z,y) = log (1+ |xy|> = log <1+ TW) =m.
] ||
We show that M is sharp. Let us first assume |z| < 1. We choose y € G
with ¢(z,y) = r and |y| < || for all z € G with ¢(x,2) = r. Now

T T+ P+ P

implying

_ =12+ [a?)
vl = 1—7r2(14|z|?) '
Now j(z,y) =log(|z|/|y]) = M and M is sharp.
Let us then assume || > 1. We choose y € G with ¢(z,y) = r and |y| > |z]
for all z € G with ¢(z, z) = r by (3.10) we have j(x,y) = log(|y|/|z|) = M.
Finally, we show that M/m — 1 as r — 0. Let us first consider the case
|z] < 1. By 'Hépital’s rule

(3.10)

2
lim = = lim rtfof + o] -1

r=0m 120 4/1—r2(1 —2r2)|z| + (1 — r2)(1 — |z|?)

In the case |z| > 1 we obtain by 'Hépital’s rule

M 2
lim &= = lim r+ el + rlal —1. 0

r=0m 50 /T — 12(1 — 2r2)|z| — r(1 — r2)(1 — ||2)

Corollary 3.11. Let G = R" \ {0}, z € G and r € (0,1og(1 + |z| + 1/|z|)).
Then
By(z,m) C Bj(x,r) C By(x, M),

where r
V(L +[z?) (e + [z[?)
T _1
V(L [2?) (L + [z[2e?)
and
Wy el =1
1+ |z|?

Moreover, the inclusions are sharp and M/m — 1 as r — 0. The assumption
r < log(1 + |z| + 1/|z|) is equivalent to M < 1.
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PROOF. The claim follows from Theorem 3.7. |

The results of Theorem 3.7 and Corollary 3.11 are illustrated in the planar
case in Figure 2.

LOR0)

Figure 2. An example of inclusions of chordal disks (black) and j
metric disks (gray) in punctured plane. The black dot is the center
of the disks and the small circle denotes the origin. The radius of the
j-metric disks is 0.5.

We will finally consider inclusion of the quasihyperbolic and the chordal
metric balls.

Theorem 3.12. Let G =R"\ {0}, x € G and r € (0, R) for
_ 2||
VI+]z2/T+9z

Then
Bk(xam) C Bq(xvr) - Bk(aij)a
where )
m = log (1—|—r (|x| +)>
2|
and
M = 2arcsin f(r, z)
with ( | |2)
r(l+ |z
, for |z| <1
2v1 —r2lz| —2r ol <
f(ry) = o
T for |xz| > 1.

2¢/1 = r2jz| — 27"|ac|27

Moreover, we have M/m — 1 as r — 0.
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PROOF. By (2.1) and Theorem 3.7 we have
By(z,m) C Bj(z,m) C By(z,r)
for r € (0,r4(x)).
By Theorem 3.7 we have
By(z,r) C Bj(x,t) (3.13)
for r € (0,74(x)). By Theorem 3.3
Bj(x,t) C Bi(z,s) (3.14)

for t € (0,log3) and s = 2arcsin((e’ — 1)/2). Combining (3.13) and (3.14) gives
M =sand r € (0,Rg) C (0,74(x)), here

. jz|(e™/? ~ 1) 2|z|
Ry = min , .
VIt [zPyI+emfal? /1+]al?y/1+9]z

We also have f(r,z) € [0, 1] for r € (0, Ro).
We show next that R = Ry, which is equivalent to
e™/2 — 1 2
> )
V1ter|z2 T \/1+9z[2
Inequality (3.15) is equivalent to |x|?(5¢™/2 — 3) > —(e™? + 1), which is clearly
true and thus R = Ry.

Finally, by a straightforward computation using I’Hopital’s rule we obtain
M/m — 1asr — 0. O

(3.15)

Corollary 3.16. Let G = R"\ {0}, z € G and r € (0,log(1 + |z| + 1/|z|)).
Then
By(z,m) C By(z,7) C By(z, M),

where
- min{ 2|z sin(r/2)
VI +[2P) [z + (1 +2sin(r/2))?) ’
2|z|sin(r/2) }
VA + [2P) (1 + [22(1 + 25in(r/2))?))
e jal(e” — 1)
M=

Moreover, we have M/r — 1 asr — 0.
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PROOF. The assertion follows from Theorem 3.12. The assumption r <
log(1 + |z| 4+ 1/|z|) is equivalent to M < 1. O

Note that the radii of Theorem 3.12 and Corollary 3.16 are not sharp. Radii
m and M of Theorem 3.7, Corollary 3.11, Theorem 3.12 and Corollary 3.16 depend
on r and |z|. We can use (3.2) to make some of the radii independent of |z|.

Theorem 3.17. Let G =R"\ {0}, x € G and r € (0,74(z)). Then
Bj(x,m) C By(xz,r) and By(xz,m) C By(z,r),

where

m =lo —.
& V1—r2?
Corollary 3.18. Let G = R"\ {0}, 2 € G and r € (0,log(1 + /2)). Then

Bj(xz,r) C By(xz,M) and By(z,r) C By(z, M),

where

Ve —1)(er — 14T+ (e —2)
2V2 '

Note that for M such that By(x,r) C Bj(x, M) we have by Theorem 3.7
that M — oo whenever |z| — r/v/1—72 or |x| = V1 —r2/r. Similarly by The-
orem 3.12 we have that M — oo whenever |z| — r/v/1—72 or |z| — /1 —72/r
for M such that By(x,r) C B(z, M).

M =

Remark 3.19. In this paper we assume that metric balls have the same center
point. Similar problems can be considered without this assumption. For example
it can be proved that for x € G =R™\ {0}, r >0

sup{t : B"(z,t) C By(z,r), 2 € G} = coshr.

4. Half-space

In this section we will consider inclusion of metric balls defined by the met-
rics ¢, jo and kg for G = H" = { € R" : x,, > 0}. Recall that in H" the
quasihyperbolic metric agrees with the hyperbolic metric

lz —y|?

cosh kgn (z,y) = cosh pgn (x,y) =1 + for z,y € H". (4.1)

2ZTnYn
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Theorem 4.2. Let G=H", x € G and r > 0. Then
Bj(]?,m) - Bk(xvr)a

where

mzlog(lJr\/i\/m).

Moreover, the inclusion is sharp and r/m — 1 as r — 0.

PROOF. Lety € Bj(z,m) and denote y = yne,+y’. By [Vu2, (2.11)] we have
By(x,r) = B"(z,|z|sinhr) for z = |z|e, coshr. Let us first assume z, = d(z) <
d(y) = yn. Now y € Bj(z,m) implies that |y/|> < 2(coshr — 1)z2 — (z, — yn)>.
Now

|z — y|? = (zp coshr —y,)% + |y |2
< (zn coshr — y,)? + 2(coshr — a2 — (z, — yn)?
= xi(coshQ r 4+ 2coshr — 3) — 2z, Yy, (coshr — 1)
< 22 (cosh® 7 + 2 coshr — 3) — 222 (coshr — 1)
= zi(cosh2 r—1)< xi sinh? r

and therefore y € By(z,7).
Let us then assume y,, = d(y) < d(z) = z,. Now y € Bj(z, m) implies that
ly'|> < 2(coshr — 1)y2 — (z,, — yn)?. Now

|z = y|* = (zn coshr —y,)* + [y
< (wn coshr — yp)? 4+ 2(coshr — 1)y2 — (2, — yn)?
= 22 (cosh® 7 — 1) 4+ 2(cosh 7 — 1)y, (yn — 1)
< 22 (cosh?r — 1) = 22 sinh? r

and therefore y € By(z,7).
We show that m is sharp for y € H" such that j(z,y) = m and d(z) = d(y).
Now |y/|> = 2(coshr — 1)22 and

|z —y|? = 2% (coshr — 1)2 + |¢/|* = 22 (cosh — 1)? 4+ 2(cosh r — 1)z% = 22 sinh®r.

Finally, by I’'Hopital’s rule

r 2coshr — 2 — v/2+/coshr — 1

lim — = lim -
r—=0m r—0 sinh r
sinh r
2sinhr + ————
— Iim V2y/coshr — 1
r—0 coshr

lim sinh r ~ lim Veoshr+1 1
r—0 ﬁ\/COShT -1 r—0 \/5
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and the assertion follows. O

Corollary 4.3. Let G =H", x € G and r > 0. Then

Bj(xar) C Bk(xaM)a

7'_12
M = arcosh (1—1—(62)).

where

Moreover, the inclusion is sharp and M/r — 1 as r — 0.
PROOF. The assertion follows from Theorem 4.2. [

Remark 4.4. Let m as in Theorem 4.2. It is possible to show that for r € (0, 1)

T T M 3r
<1l+ — d 1+-<—<1+4+ —.
sty ad d4gssity

2r

1+ —<
+5_

r
m

Results of Theorem 4.2 and Corollary 4.3 are illustrated in the planar case
in Figure 3.

Figure 8. An example of inclusions of quasihyperbolic disks (black)
and j metric disks (gray) in half-plane. The black line represents 0G.
The radius of the quasihyperbolic disks is 1.

Remark 4.5. 1) We show that the radius m; = log(1 + v/2v/coshr — 1) of
Theorem 4.2 is better than the radius ms = log(2 — e™") of Proposition 2.2,
namely we show that

1+v2Vcoshr —1>2—¢" (4.6)

for r € (0,00). Equation (4.6) is equivalent to e?" + 3 — (3" + e~ ") > 0 and
because €2 + 3 — (3e" + e~ ") = (e” — 1)3e™" the claim is clear.
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2) We show that the radius m; = log(1 4 v/2v/coshr — 1) of Theorem 4.2 is
better than the radius ms = log(1 + 2sin(r/2)) of Theorem 3.3. We show that

14 V2Vcoshr — 1> 14 2sin(r/2) (4.7)

for r € (0, 00). Inequality (4.7) is equivalent to e” +e~" > 4sin®(r/2), which true
because " +e~" > 2+ r2 and 4sin*(r/2) < r2.

To simplify notation we may assume that x € H® with 1 = x5 = -+ =
Zn—1 = 0. Since we also want that the chordal balls By(x,r) are in H" it is

natural to assume that » € (0,7,(z)). This assumption is same as in the case
G =R"\ {0} and thus (3.2) holds.

Theorem 4.8. Let G = H", x € G with 1 = 29 = --- = x,_1 = 0 and
r € (0,74(x)). Then

Bj(xz,m) C By(z,r) C Bj(z, M),

where
. r(1+|zf?) ( r(1+[z?) )
m =min< log [ 1+ JJog ([ 14+ ————
{ g( eI ) e\ VI e 1
and

r(1+[2[?) > ( r(1+ J2[?) )}
M =max<log |1+ ——=—"— ] ,log |1+ .
{ g( Vi— 2o —r) T (VT = )
Moreover, the inclusions are sharp and M/m — 1 asr — 0.

PrOOF. By Lemma 3.1 we know that By(x,r) = B™(y, s) for given s and y.
We start by proving the bound m. Let z € Bj(z,m). We assume first
that || = d(z) < d(z) and show that in this case that m = log(l + (r(1 +

|$|2))/(‘$|m) By definition

r(1+[zf?)

V1—7r2—7r2z|?

jz = 2| < (™ = x| =

and therefore z € B™(z, (e™ — 1)|z|) and

q(z,z) < q(z, z1)
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for z1 = |z|e, + |x|(e™ — 1)e1. Now

|z — 21]

Ve

and the assertion follows. This also shows that m is sharp for d(x) < d(z).

Let us then assume d(z) < d(z). Now for z € 0B;(x,m) we have |z — z| =
(e™ —1)d(z) and thus for each plane p, which contains {z € R" : z = te,, t € R},
the intersection 0B;(x, m)Np is a plane curve with largest curvature at the point
that is closest to G. Therefore

q(z,z) < q(z, 21) (4.9)

Q(x’ Z) < min{q(x, Zl)a Q(xv ZQ)}

for z1 = |z|en + |z|(e™ — 1)e; and 2o = (|Jz|vV1 —r2 —7)/(V1+ 12 + r|z|)e,. By

(4.9) we have ¢q(z,z) < q(z,z1) = r. Because

|z|vV1—712—1r < lz| — r(1 + |2]?)V1 — r2
VIdrZ oz — 1—r2(1+[zf?)

|22| = =lyl—s (4.10)
we have ¢q(z, z) < q(x, z2) = r and the assertion follows. The second inequality in
(4.10) is equivalent to

(1+ [22) (222l VI =72 =) + (1 = VT =) + 2] (VT +72 = V1= 72) > 0

and holds true, because by assumption 2|z|v1—72 > r; 1 > /1—1r% and
V1412 > /1 —r2. Sharpness of m follows from the selection of z; and zs.

Let us then prove the bound M. We assume that z € 0B,(x,r) and |z] =
d(x) < d(z). By definition |z — z| = (™ — 1)|z| and therefore

i(x, z i(x.22) = lo M —1lo 7“(1+|33‘2)
Jnz) =tz 1g(1+ || ) lg(l+|x|(m—rlx|)>

for z3 = (Jy| + s)en.
Let us assume z € 0By(x,r) and d(z) < d(z) = |z|. By definition |z — 2| =
(eM —1)|z| and therefore

, , lyl =5 — le> ( r(1+z[?) )
z,2) <j(z,29) =log |1+ —————— | =log |1 + ————"

for zo = (Jy| — s)en.
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Sharpness of M is clear by selection of z3 and z;. We shall finally show that
M/m — 1 as r — 0. We denote

r(1+]xl?) ( r(1+[xl?) )
my =log | 1+ , mo=log|l4+ ——=—"—
! g( |z|\/1 — 12 — r2|z|? ? & V1i—riz|—r

and
r(1+ |2]?) ) ( r(1+|zf?) )
My =log (14+—S = N ap — o (14 .
! g( VI—r2z|—r 27708 2| (VI =72 — )

Clearly M;/ms =1 and by 'Hopital’s rule

My P o) = )+ el + ey T PO )

lim — = ,
r—0my  r—0 lz|v1—72(2r2 = 1) + r(r2 = 1)(|z]2 — 1)
My (PP [2) = Dl + 2|1 =21+ [2]?))
lim — = lim =1,
r=0m; =0 —lzlvV1—=r2(2r2 = 1) +r(r2=1)(Jz|2 = 1)
. My x| = 2r%z| + V1 —r2(Jz]2 - 1)
lim — = lim =1
r=0mg =0 |z — 2r2|z| — rv1 —r2(|z]?2 — 1)
and the assertion follows. O
Corollary 4.11. Let G =H", z € G withxy =22 =--- =x,-1 = 0 and
r > 0. Then
BQ(mvm) - Bj(l‘,’l") C B‘I(IaM)v
where —
V1 [z[2/e? + [af?
r—1
V14221 +erfaf?
and

j2l(e” — 1) if|a] < /Tanh(r/2),

VI+TaPy/e +

it — 1) if 2] > \/tanh(r/2).

VIFP/1T+ 2+ er(er —2)[x]?

Moreover, the inclusions are sharp and M/m — 1 asr — 0.
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O ©

Figure 4. An example of inclusions of chordal disks (black) and j
metric disks (gray) in half-plane. The black line represents 0G. The
radius of the j-metric disks is 0.9.

PROOF. The assertion follows from Theorem 4.8. O

Results of Theorem 4.8 and Corollary 4.11 are illustrated in the planar case
in Figure 4.

Remark 4.12. We show that Theorem 4.8 improves Theorem 3.7. Firstly, we
consider the radius m and show that

o 1 || _
f(r)_mm{\/lﬂr2|x|27\/1r2|xr} 1

is positive for r € (0,r4(z)). If |z] < 1, then f(r) = 1/4/1 —r2 —r2|z|? and
f(r) > 0 is equivalent to r*(1 + |z|?) > 0, which is true. If |z| > 1, then
f(r)=lz|/(V1—=r?|z|—r) and f(r) > 0 is equivalent to |z| > —r/(1—+1—r?),
which is true because —r/(1 — v1 —1r2) < 0.

Secondly, we consider the radius M. It is possible to show that the value
M in Theorem 4.8 is less than or equal to the value M in Theorem 3.7. The

calculation is straightforward but tedious and we omit it.

Theorem 4.13. Let G = H", x € G withxy =29 = --- = z,_1 = 0 and
r € (0,74(x)). Then

By (z,m) C By(z,7) C By(z, M),

where

m = min ¢ log 2] +Tm(1 + |x|2) log |$|(T2(1 + |5f|2) —1)
lz](L=r2(1+22) 7 " VT —r2(1 + |2]2) — |2
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and

M:max{]ogm|+rm(1+|x|2)1 2| (r2(1 + |2]2) — 1) }

,1o
2T+ 2P) " VI 2 (1 [2f2) — J2]
Moreover, the inclusions are sharp and M/m — 1 asr — 0.

PROOF. Let us denote

o] + V1= r2(1 + [2f?) 2| (r? (1 + |2[?) = 1)

a=lo and A=lo .
® TRl - 2+ 2 ) S VI= 2 (14 [2?) — o]
It is easy to verify that a = A is equivalent to |z| = 1, a < A is equivalent to

|z| <1 and a > A is equivalent to |z| > 1.

Since k agrees with the usual hyperbolic metric in G we know that quasi-
hyperbolic balls are Euclidean balls. Therefore, both By(x,r) and By(z,r) are
Euclidean balls of form B™(sx,,t) for s,¢ > 0. For chordal metric the value of
sis 81 = |z|/(1 — r?(1 + |z|?)) and quasihyperbolic metric sy = |z|cosha and
sg = |x| cosh A. We will first show that for x| < 1 we have s; < s3 < s3 and for
|z| > 1 we have s3 < s3 < s1. In the case || = 1 we have s; = s = s3 and the
assertion follows.

Let us first assume that |z| < 1. Since cosht is strictly increasing on (0, 00)
and a < A we have sy < s3. Inequality s; < s is equivalent to

2f(z,r) < 1+ f(z,7)% (4.14)

for
Fop) = T VI )
’ lz|(1=r2(1+|z[?))

By selection of r we have f(z,r) > 0 and (4.14) implies that s; < sa.

Let us now prove the inclusion By(xz,m) C By(z,r). Since s1 < s2 we have
for the largest possible m that 0By (z, m) NOBy(x,r) = {y}, where y € 9B,(z, 1)
is such that d(y) > d(w) for all w € 0By(x,r), w # y. Now

q(z,y) = k(x,y)

and thus By (z,m) C By(x,r) and m is sharp.

Let us then prove the inclusion By(z,r) C Bg(z, M). Since s1 < s3 we have
for the largest possible m that OBy (z, m) N OB, (z,r) = {2z}, where z € 9B, (z,r)
is such that d(z) < d(w) for all w € IBy(x, 1), w # z. Now

q(z, z) = k(z, 2)
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and thus By(z,r) C Bi(zr, M) and M is sharp.
The case || > 1 is similar to the case |z| < 1.
We will finally show that M/m — 1 as r — 0. By ’'Hépital’s rule

.zl =202z — rVT = r2(|z)? - 1)

lim — = lim =1. O
r=0m =0 x| — 2r2|x| + rv1 —r2(|z|?2 = 1)
Corollary 4.15. Let G =H", x € G withxy =19 = --- = x,_1 = 0 and
r > 0. Then
By(z,m) C By(z,7) C By(z, M),
where

- min{ 2l(e” — 1) 2l(e” — 1) }
VIF P +1aP?) I+ [2P) T+ e [a]?)

for

o max{ ] (e” — 1) ] (e” — 1) }
VTP +2?) A+ 2P+ e[z ]P)

Moreover, the inclusions are sharp and M/m — 1 asr — 0.
PRroOOF. The assertion follows from Theorem 4.13. g

Results of Theorem 4.13 and Corollary 4.15 are illustrated in the planar case
in Figure 5.

Radii m and M of Theorem 4.8, Corollary 4.11, Theorem 4.13 and Corol-
lary 4.15 depend on 7 and |z|. We can use (3.2) to make some of the radii
independent of |x|.

Theorem 4.16. Let G = H", x € G withx1 = 29 = --- = ,,_1 = 0 and
r € (0,74(x)). Then
Bj(x,m1) C By(z,r) and Byg(x,mq) C By(z,r),

where

2r 2r?
mlzlog 1+m and m2:10g 1+ﬁ .

Proor. Radius msy follows from Theorem 3.17.
By Theorem 4.8 we need to show that the inequality m; < min{f(¢), g(¢)}

holds for t € (r/v/1 —r2,4/1 —r2/r) and functions
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O

Figure 5. An example of inclusions of chordal disks (black) and quasi-
hyperbolic disks (gray) in half-plane. The black line represents 9G.
The radius of the chordal disks is 0.45.

By elementary computation functions f’(t) and ¢’(t) are monotone and f'(t;) =0
is equivalent to ty = v1—r?/v/1+r? and ¢'(t;) = 0 is equivalent to t,
(14+r)/vV1—r2 Now

2r 2r
and the assertion follows. O
Corollary 4.17. Let G =H", x € G withxy =15 = --- = x,_1 = 0 and

r > 0. Then
Bj(x,r) C Bq(l‘,Ml)

and for r € (0,log(1 + v/2))
Bk(I,T) C BQ(m,MQ)a

where
M, — V2+er(er—2)—1
em —1
and
Vi —D(er 1+ /T (e —2)
My = .
22

Note that for M such that By(x,r) C B;(x, M) we have by Theorem 4.8
that M — oo whenever |z| — r/v/1 — 72 or |z| — V1 — r?/r. Similarly by The-
orem 4.13 we have that M — oo whenever |z| — r/v/1—712 or |z] = V1 —12/r
for M such that By(z,r) C Bj(x, M).
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PROOF OF THEOREM 1.2. The assertion follows from Theorems 3.3, 3.17,
4.2 and 4.16. O

ACKNOWLEDGEMENTS. The first author gratefully acknowledges the finan-
cial support of the Academy of Finland project 120972 of professor PEKKA KoOs-

KELA.

[AVV]

[HIMPS]

[H]
[HMM]
o]
[GP]
[KL]
(K1)
[K2]
[M]

[PT]

[Va]

[Vul]

References

G. D. ANDERSON, M. K. VAMANAMURTHY and M. K. VUORINEN, Conformal Invari-
ants, Inequalities, and Quasiconformal Maps, Canadian Mathematical Society Series
of Monographs and Advanced Texts, John Wiley & Sons Inc., New York, 1997.

P. HAsTO, Z. IBRAGIMOV, D. MINDA, S. PONNUSAMY and S. SAHOO, Isometries of
some hyperbolic-type path metrics, and the hyperbolic medial axis, In the tradition
of Ahlfors-Bers. IV, Amer. Math. Soc., Providence, RI, Contemp. Math. 432, (2007),
63-74.

J. HEINONEN, Lectures on analysis on metric spaces, Universitext, Springer-Verlag,
New York, 2001.

D. A. HERRON, W. MA and D. MINDA, Mobius invariant metrics bilipschitz equivalent
to the hyperbolic metric, Conform. Geom. Dyn. 12 (2008), 67-96.

F. W. GEHRING and B. G. OsGooD, Uniform domains and the quasi-hyperbolic metric,
J. Anal. Math. 36 (1979), 50-74.

F. W. GEHRING and B. P. PALKA, Quasiconformally homogeneous domains, J. Anal.
Math. 30 (1976), 172-199.

L. KeeN and N. LAkIc, Hyperbolic geometry from a local viewpoint, London Math-
ematical Society Student Texts, 68, Cambridge University Press, Cambridge, 2007.
R. KLEN, Local convexity properties of j-metric balls, Ann. Acad. Sci. Fenn. Math.
33 (2008), 281-293.

R. KLEN, Local convexity properties of quasihyperbolic Balls in Punctured space, J.
Math. Anal. Appl. 342 (2008), 192-201.

V. MANOJLOVIC, On conformally invariant extremal problems, Appl. Anal. Discrete
Math. 3 (2009), 97-119.

A. PapaDOPOULOS and M. TROYANOV, Weak metrics on Euclidean domains, JP J.
Geom. Topol. 7, no. 1 (2007), 23-43.

P. SEITTENRANTA, Mobius-invariant metrics, Math. Proc. Cambridge Philos. Soc.
125, no. 3 (1999), 511-533.

J. VAISALA, The free quasiworld. Freely quasiconformal and related maps in Banach
spaces, Quasiconformal geometry and dynamics (Lublin, 1996), Polish Acad. Sci.,
Warsaw,, Banach Center Publ. 48, (1999), 55-118.

M. VUORINEN, Conformal invariants and quasiregular mappings, J. Anal. Math. 45
(1985), 69-115.



Inclusion relations of hyperbolic type metric balls 311

[Vu2] M. VUORINEN, Conformal Geometry and Quasiregular Mappings, Lecture Notes in
Math. 1319, Springer-Verlag, Berlin — Heidelberg, 1988.

RIKU KLEN

DEPARTMENT OF MATHEMATICS
AND STATISTICS

UNIVERSITY OF TURKU

FI-20014, TURKU

FINLAND

E-mail: riku.klen@utu.fi

MATTI VUORINEN

DEPARTMENT OF MATHEMATICS
AND STATISTICS

UNIVERSITY OF TURKU

FI-20014, TURKU

FINLAND

E-mail: vuorinen@utu.fi

(Received February 8, 2011; revised October 6, 2011)



