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Abstract. Suppose that n and k are positive integers. Let S = {x1, . . . , xn} be

a sequence of n distinct positive integers, and let f be an integer-valued multiplicative

function. The sequence S is called a divisor chain if xσ(1)| . . . |xσ(n) for some permuta-

tion σ on {1, . . . , n}. We say that the sequence S consists of k coprime divisor chains if

S can be partitioned as the union of k divisor chains S1, . . . , Sk such that each element

of Si is coprime to each element of Sj for all integers i and j with 1 ≤ i ̸= j ≤ k. In this

paper, we show that for any divisor chain S, the matrix (f(S)) with entries f(gcd(xi, xj))

divides the matrix (f [S]) with entries f(lcm(xi, xj)) in the ring Mn(Z) of n× n matri-

ces over the integers if and only if f(min(S))|f(xi) for all integers i ∈ {1, . . . , n}. This
strengthens a result of Hong [14]. For any positive integer a and any sequence S consist-

ing of two coprime divisor chains with 1 ̸∈ S, we show that the matrix (f(Sa)) divides

the matrix (f [Sa]) in Mn(Z), where Sa := {xa
1 , . . . , x

a
n}. This confirms a conjecture of

Chen and Hong. We show also that such factorization is no longer true in general if S

consists of at least three coprime divisor chains with 1 ̸∈ S. We conjecture that if k ≥ 3,

then the GCD matrix (S) does not divide the LCM matrix [S] in the ring Mk(Z) if S

consists of the first k odd prime numbers.

LONG CHEN

SCHOOL OF MATHEMATICS

AND COMPUTER SCIENCE

PANZHIHUA UNIVERSITY

PANZHIHUA 617000

P. R. CHINA

YULU FENG &

SHAOFANG HONG

MATHEMATICAL COLLEGE

SICHUAN UNIVERSITY

CHENGDU 610064

P. R. CHINA

MIN QIU

SCHOOL OF SCIENCE

XIHUA UNIVERSITY

CHENGDU 610039

P. R. CHINA

Mathematics Subject Classification: 11C20, 11A05, 15A36.
Key words and phrases: divisibility, multiplicative function, coprime divisor chains, gcd-closed

sequence.


