
Publ. Math. Debrecen

105/1-2 (2024), 141–169

DOI: 10.5486/PMD.2024.9763

Collinearity of points on Poincaré unit disk
and Riemann sphere

By MASAYO FUJIMURA (Yokosuka), OONA RAINIO (Turku)

and MATTI VUORINEN (Turku)

Abstract. We study certain points significant for the hyperbolic geometry of the

unit disk. We give explicit formulas for the intersection points of the Euclidean lines

and the stereographic projections of great circles of the Riemann sphere passing through

these points. We prove several results related to collinearity of these intersection points,

offer new ways to find the hyperbolic midpoint, and represent a formula for the chordal

midpoint. The proofs utilize Gröbner bases from computer algebra for the solution of

polynomial equations.

MASAYO FUJIMURA

DEPARTMENT OF MATHEMATICS

NATIONAL DEFENSE ACADEMY OF JAPAN

YOKOSUKA

JAPAN

OONA RAINIO &

MATTI VUORINEN

DEPARTMENT OF MATHEMATICS

AND STATISTICS

UNIVERSITY OF TURKU

FI-20014 TURKU

FINLAND

Mathematics Subject Classification: Primary: 51M10; Secondary: 51M09.
Key words and phrases: chordal metric, elliptic geometry, Gröbner bases, hyperbolic geometry,
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